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Towards Hedin’s equations

Σ = iGvε−1Γ̃

irreducible vertex

Γ̃ = −δG−1

δV

= 1 +
δΣ

δG
GG Γ̃

screened Coulomb interaction

W = ε−1v

dielectric function
ε = 1− v χ̃

irreducible polarizability

χ̃ =
δρ

δV
= −iGG Γ̃
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Hedin’s equations

Σ = iGW Γ̃

Γ̃ = 1 +
δΣ

δG
GG Γ̃

W = ε−1v

ε = 1− v χ̃

χ̃ = −iGG Γ̃

Hedin’s wheel

Σ

Γ

W G

χ~ ~
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Hedin’s equations

Σ = iGW Γ̃

Γ̃ = 1 +
δΣ

δG
GG Γ̃

W = ε−1v

ε = 1− v χ̃

χ̃ = −iGG Γ̃

Hedin’s wheel

Σ

Γ

W G

χ~ ~

Σ(0) = 0

Γ(1) = 1

χ̃(1) = −iGG = χRPA

Σ(1) = iGW

G

W
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GW origins
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Physics of the GW approximation, I

Splitting of the screened Coulomb interaction:

W (ω) = ε−1(ω)v = (1 + vχ(ω))v = v + Wp(ω)

Splitting of the self-energy:

Σ(ω) = iGW (ω) = iGv + iGWp(ω)

= Σx + Σc(ω)

Screening beyond Hartree Fock
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Physics of the GW approximation, II

Add a charge - relaxation?

Not if you smear it out in a Bloch function!
What do we add to the system? And where?
δ(r − r0)
Coulomb hole: 0.5(W (r0, r0)− v(r0, r0))
∆ SCF in small systems!
Add screened exchange: COHSEX approximation.
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Full GW calculation

Calculate the GW self-energy:

Σ(1, 2) = iG (1, 2)W (1+, 2)

which is Fourier transformed to frequencies

Σ(r1, r2, ω) = i

∫
dω′G (r1, r2, ω + ω′)W (r1, r2, ω

′)
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Schematic GW calculation

Start is recipe by Hybertsen and Louie, PRL 55 1418 (1985) called
“G0W0” or “best G best W ”
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GW for realistic materials

Assumption

φGW
i ≈ φKS

i

Quasiparticle equations

h0(r1)φ
GW
i (r1) +

∫
dr2Σ(r1, r2, ε

GW
i )φGW

i (r2) = εGW
i φGW

i (r1)

Kohn-Sham equations

h0(r1)φ
KS
i (r1) + vxc(r1)φ

KS
i (r1) = εKS

i φKS
i (r1)

Differences

〈φKS
i |Σ(εGW

i )− vxc |φKS
i 〉 = εGW

i − εKS
i
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G0W0 calculation

To calculate the GW self-energy:

Σ(1, 2) = iG (1, 2)W (1+, 2)

which is Fourier transformed into frequencies

Σ(r1, r2, ω) = i

∫
dω′G (r1, r2, ω + ω′)W (r1, r2, ω

′)

We need the following ingredients:

The KS Green’s function: G (r1, r2, ω) =
∑

i
φKS

i (r1)φKS∗
i (r2)

ω−εKS
i ±iη

The RPA dielectric matrix: εRPA −1
GG′ (q, ω)
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Calculation of RPA screening

We need to know ε−1
G,G′(q, ω) for all ω’s, in order to get Σ.

and the frequency convolution may be problematic because both G
and W have poles along the axis

’
’

µ + ω

(ω )W
G(ω + ω )

numerically compute the convolution ⇒ accurate, but
expensive
use a model to mimic ω-behavior of ε−1 ⇒ rough, cheap
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Plasmon-Pole model

Plasmon-Pole Model

ε−1
G,G′(q, ω) = δG,G′ +

Ω2
GG′(q)

ω2 − ω̃2
G,G′(q)

The two parameters ΩGG′(q) and ω̃G,G′(q) are fit on ab initio
calculation of ε−1

G,G′(q, ω) at two frequencies.
We choose

ω1 = 0

ω2 ≈ iωplasma pure imaginary frequency
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Quasiparticle energy

εGW
i = εKS

i + 〈i |Σ(εGW
i )|i〉 − 〈i |vxc |i〉

Taylor expansion of Σ(ε) around εKS
i

Final formula used by Abinit

εGW
i = εKS

i + Zi

[
〈i |Σ(εKS

i )|i〉 − 〈i |vxc |i〉
]

where Zi = 1/(1− ∂Σ/∂ε)

Output from Abinit for the band gap of silicon

k = 0.000 0.000 0.000

Band E0 <VxcLDA> SigX SigC(E0) Z dSigC/dE Sig(E) E-E0 E

4 5.915 -11.242 -12.433 1.213 0.774 -0.292 -11.225 0.017 5.932

5 8.445 -10.059 -5.864 -3.363 0.774 -0.291 -9.414 0.645 9.090

E^0_gap 2.530

E^GW_gap 3.158

DeltaE^GW_gap 0.628The GW Approximation Lucia Reining



Reminder GW-approx. GW: practice Easier? More complicated? More results References

Quasiparticle energy

εGW
i = εKS

i + 〈i |Σ(εGW
i )|i〉 − 〈i |vxc |i〉

Taylor expansion of Σ(ε) around εKS
i

Final formula used by Abinit

εGW
i = εKS

i + Zi

[
〈i |Σ(εKS

i )|i〉 − 〈i |vxc |i〉
]

where Zi = 1/(1− ∂Σ/∂ε)

Output from Abinit for the band gap of silicon

k = 0.000 0.000 0.000

Band E0 <VxcLDA> SigX SigC(E0) Z dSigC/dE Sig(E) E-E0 E

4 5.915 -11.242 -12.433 1.213 0.774 -0.292 -11.225 0.017 5.932

5 8.445 -10.059 -5.864 -3.363 0.774 -0.291 -9.414 0.645 9.090

E^0_gap 2.530

E^GW_gap 3.158

DeltaE^GW_gap 0.628The GW Approximation Lucia Reining



Reminder GW-approx. GW: practice Easier? More complicated? More results References

If you want to do GW calculations......

www.abinit.org

GW space-time-code

SELF: fisica.uniroma2.it/ self
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Observe, I

M. Rohlfing, P. Krueger, and J. Pollmann, Electronic structure of
Si(100)2X1, Phys. Rev. B 52, 1905 (1995).
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Observe, II

O. Pulci, G. Onida, R. Del Sole, and L. Reining, “Ab-initio
calculation of self-energy effects on electronic and optical
properties of GaAs(110)”, Phys. Rev. Lett. 81, 5347 (1998).
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Observe, III

V. Garbuio, M. Cascella, L. Reining, R. Del Sole, and O. Pulci,
“Ab initio calculation of optical spectra of liquids: Many-body
effects in the electronic excitations of water”, Phys. Rev. Lett. 97,
137402 (2006)

The sample

Liquid water is a 
disordered system

Configurations of 17 molecules in a box 
with 15 a.u. side obtained with classical 
molecular dynamics simulations*

20  molecular dynamics 
snapshots and  average of 
results. 

Huge unit 
cell
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Observe, III

GGA

LDA

Bernas et al., 
Chem. Phys. 
222, 151 

(1997)

Experime
ntal gap 

8.7 ± 0.5 
eV

Electronic gap

One-shot perturbative GW
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Observe, III

GW corrections independent of 
configuration!!!

DFT
gap

∆GW
HOMO

∆GW
LUMO

∆GW
 gap

Ε19

Ε08

Ε02

5.09 −1.67 1.61 3.28

4.71 −1.64 1.60 3.24

5.29 −1.70 1.60 3.30
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Approximate

GW correction = 9.1/ε

V. Fiorentini and A. Baldereschi, Phys. Rev. B 51, 17196 (1995).
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Basis set dependence

Silicon band gap

LMTO Kotani 0.84
LAPW Ku 0.85
PAW Arnaud 0.92
PAW Kresse 1.05

FLAPW Schindlmayr 1.07
PP+PW me 1.14

Expt. 1.17
PP+PW Godby2 1.22
PP+PW Godby1 1.24
PP+PW Hybertsen 1.29
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Self-consistency???

Σ

Γ

W G

χ~ ~

Σ

Γ

W G

χ~ ~
� � � � � � � � � � � �
� � � � � � � � � � � �
� � � � � � � � � � � �
� � � � � � � � � � � �
� � � � � � � � � � � �
� � � � � � � � � � � �
� � � � � � � � � � � �
� � � � � � � � � � � �
� � � � � � � � � � � �
� � � � � � � � � � � �

� � � � � � � � � � � �
� � � � � � � � � � � �
� � � � � � � � � � � �
� � � � � � � � � � � �
� � � � � � � � � � � �
� � � � � � � � � � � �
� � � � � � � � � � � �
� � � � � � � � � � � �
� � � � � � � � � � � �
� � � � � � � � � � � �

Σ

Γ

W G

χ~ ~
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � �
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Results for jellium

Spectral function

k = kF k = 0

dashed: G0W0

solid: self-consistent GW
from B. Holm and U. von Barth, PRB 57 2108 (1998).
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Self-consistency on the QP wavefunctions and energies?
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Band gaps of semiconductors

experimental gap (eV)

from M. van Schilfgaarde et al., PRL 96 226402 (2006).
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QP self-consistency

from M. van Schilfgaarde et al. PRL (2006).
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QP self-consistency

Silicon

( 1 1 1 ) direction
0.00

0.02
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QPscGW

Bruneval et al. PRB 74, 045102 (2006).
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Other issues

...for example, the semi-core!

see e.g. Copper:
A. Marini, G. Onida, R. Del Sole, Phys. Rev. Lett. 88, 016403
(2002)
F. Bruneval, N. Vast, L. Reining, M. Izquierdo, F. Sirotti, and N.
Barrett,“Exchange and correlation effects in electronic excitations
of Cu2O”, Phys. Rev. Lett. 97, 267601 (2006)
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More results
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Result for a complex metal

Nickel

from F. Aryasetiawan, PRB 46 13051 (1992).
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Motivation to go beyond......

Sodium, photoemission

from F. Aryasetiawan, L. Hedin, and K. Karlsson, Phys. Rev. Lett.
77, 2268 (1996).
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