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Motivations

Problems

@ Second harmonic generation: the calculation of the
susceptibility shows some differences when comparing ;i or

Xppp
@ Sumrules
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Back to basics

Continuity equation - Charge conservation equation

- Ip(r, t)
d t)+ ——— =0
ivi(r,t) + =,
and in momentum space
. op(k, t)
kjk,t) + ——==0 1
ik, t) + =, (1)
To fulfill the continuity equation, it is enough that Eq.(1) is fulfilled
by current and density operators in the Heisenberg representation.

Heisenberg representation

On(t) = U'(1)Os(£)U(1)
where U(t) is the time evolution operator.
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Expectation value of the density and current operators

i(r,t) = _7’ Z <P(e)|Ir, H()] 6(r—ri)+6(r—ri) [r, H(2)] |ob(2) >

In the independent-particle approximation

i(r,8) = 5 A0 ) M@ (e )
~Ir, M) 5 e, (. )

p(r,t) = Z fili(r, t)|2
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The simplest case

Particle moving in a local potential

Hamiltonian:

1
H= §p2 + V(r)
Commutator
[r,H] =ip
with p = —/V.

The current is defined by

i(r,8) = 5 (97 (0, OPU(e, ) + PU°(1, (e, 1))
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Electromagnetic field

Free electron submitted to an
electromagnetic field

Current

Hamiltonian (minimal coupling
convention) :

The current is defined by

1 it 1) =3 {0 (o - A0

H=2F—iAmnr+¢mn

(o - A 000}

where ¢ and A are the scalar and
vector potentials.

The commutator is Note:the momentum p is

replaced by M = p — %A(r, t)

e H] = i(p — A(r, 1)

~
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Nonlocal potential

Particle moving in a nonlocal pseudopotential

Hamiltonian : |
H= 5p2 + Vi (r)

where V, is defined by < r|Vpy|tp >= [ dv' Vy(r, ¢ ) (r)
The commutator is

[r,H] =i(p—i[r, Vai])

The velocity operator is defined by v =p — i [r, V] and we get

1
i(r0) = 5 (¥ + vy}
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e Coupling of nonlocal potentials to electromagnetic fields
@ Interaction hamiltonian
@ Induced current
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Question

Electromagnetic field

the momentum p is replaced by Non-local potential
M=p— tA(rt) the momentum p is replaced by
1 the velocity operator v
i) =5 {0 A0 1
i(r, 1) = 5 {v"ve + vy}

Particle moving in a electromagnetic field a nonlocal

pseudopotential
Can we replace the momentum p by the operator v — %A(r, t)?
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© Coupling of nonlocal potentials to electromagnetic fields
@ Interaction hamiltonian
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Minimal coupling prescription

The hamiltonian H(F, p) has to be changed, according to the

substitution
N A1
p—MN=p—-
c

For instance

1 1 1 1
502 — 507 — o {A(. )P+ BA(R 1)} + S5 A 1)
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Minimal coupling prescription

Particle moving in a nonlocal potential

The nonlocal potential Vi, (r,r") can be considered as a local
operator depending on r and p

<[ V|V >= /dr a(rF YW () = Vo (r, p)V(r)

where Vi (r,p) = [ dr'Vy(r,r')e i(r'=r)p

The minimal coupling substitution has to be done also in V/,;
The coupled hamiltonian is Ha = 3112 + V(#) + ¢(, t) + V2,
where V,;AI is defined by

<tV ,|r >= Vp(r, r)ecfr’A(va)dx

S. Ismail-Beigi, E.K. Chang and S. G. Louie, Phys. Rev. Lett. 87 087402
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Perturbation theory

Interaction hamiltonian

We expand the hamiltonian in terms of A :

HA — HO + Hlnt Hlnt

To first order, a new term appears

1 r
Hint — —oc {Ap + pA} + ¢(F, t) + — V,,,(r r )/ A(x, t)dx
r/
In the long wavelength approximation (A(x, t) = A(t)), one gets

_ 1 ) i 1 2
H]’-nt = —EAp + ¢(r7 t) + E [A(t)r? Vn/] = _EAV + ¢(r’ t)

To second order : Hi' = — L [Ar, [Av]]

4
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© Coupling of nonlocal potentials to electromagnetic fields

@ Induced current
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Reminder

Current:

i(,6) = 50 S {10 ) I () it )
~Ir, M]3 r, ()
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coupling between a nonlocal potential and a
electromagnetic field

Long wavelength limit

We have two terms in the hamiltonian :

1 : 1
Ho = 5p2 + Vu(r)  and  HiMt = —~Av

leading to the following (usual) current

100, 8) = 2 (97 (e, O (e) + w7 (v, 1)

and a new expression for the induced current

IO, ) = o {0 0 [n AV () — [ AV (06, £))
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Influence of the nonlocality

induced current for a nonlocal
: otential
induced current for a local b

potential

O, 6) = ~LA(r, )p(r, 1)
: 1 ¢

O, t) = fEA(r, t))p(r, t) +271C (04 (r 1) [r. [Ar, Vo] (1)
4 [ [AE, V] 97 (1) (r, )}

1 1
p—ov——-A+ - [I’, [A.I’, an]]
c (o
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© Coupling of nonlocal potentials to electromagnetic fields

@ Response function and sumrules
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Long wavelength limit

In the limit g — 0
Density-density response function in the IPA:

< Gnklar| Ok >< Pprilar|dnk >
(Enk - En’k +w+ ”7)

2
XPP(q7q7w) = v Z(fnk — fk)

nn’k
Current-current response function in the IPA:

< ¢nk’vl¢n’k+q >< ¢n’k+q"”¢nk >
(Enk - En’k+q + w)

2
Xii(@.9.w) = 1 > (fok = i)

nn’k

fé > fuk < bukl I, [, Varll [ fk >
nk

in terms of the Bloch functions.
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Relation between the response functions

continuity equation

Taking into account

divj(r, t
ivij(r, t) + ot

one gets

ok, K w) = k{ < p(k = K) > (kK w) K
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Relation between the response functions

SI

Response functions
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Conclusion

In most cases Y, is used

Even if xj; is calculated, the relation between the matrix
elements of v and r is used to transform y; into x .
The missing term is small

@ The direct calculation of ) fok < énk| [a.r,[q.r, V] |dnk >
turns out to be difficult.
Stong anisotropy as a finction of q for cubic symmetry
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