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The Bethe-Salpeter Equation

— A reminder

— TD-GFT

— The electron-hole problem
— Approximations

— Realizations

— Applications
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— Theoretical Spectroscopy: tools

Effective quantities in an effective world

A practical example, simulate zero gravity



— Theoretical Spectroscopy: tools

Calculate only what you want,.....so that you can understand!

Hy (x,...x )=E Y (X ,...X )

Want: — total energy E_
— expectation values like

* density
* spectral functions
* dielectric function

V (w)=¢'(®V_ (o)

tot ext

Do not want: - all many-body y (X ,....X )



— The effective quantities:
W(ry,r2, .., ry, t) — G(ri.t1.r2. t2) — p(r,t)

Cl, QMC GF methods (GW, BSE) DF

ov

u




— The effective world:

LDA or so

Designed for density and top valence
NOT for bandgaps, for example!!!

Hohenberg-Kohn-Sham



— Theoretical Spectroscopy: tools

Effective quantities in an effective world

Time-dependent quantities — TD world
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. (TD)DFT point of view: moving density




Excitation ? — Induced potentials

—

Change of potentials

@




Absorption Spectrum of Silicon
IP-EFA




— The effective quantities:
W(ry,r2, .., ry, t) — G(ri.t1.r2. t2) — p(r,t)

Cl, QMC GF methods (GW, BSE) DF

o

— Propagators




G(1,2) = -i <Ty(DY'Q)]>  1=(,0.t)

- n(1)=-iG(1,1")

Dyson equation: G=G + G = G



— The effective world:

(Vz + f'cff(r)) i (r) = 4104(r)
ieﬁ(l"]— e"\{t( )"‘fH([”:-r) @
Z(r,r',ei)

Designed for electron addition and removal spectra
(bandstructure, lifetimes, satellites,....,density,...)

Other: DMFT X (o)
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= 2~inGg “GW”
L. Hedin (1965)

W=¢e'(w) v






GW today: standard for bandstructures
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Bandstructure of germanium, theory versus experiment

GW calculations, Rohlfing et al., PRB 48, 17791 (1993)



Spectra in GW-RPA

Absorption Spectrum of Silicon
IF-RFA v GW-REFA vs exp.

Im {7}
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— What is missing?

Dressed hole

Q

e-h interaction

\\-~
® Dressed electron

e-h problem: Bethe-Salpeter equation






Time evolution of the MBPT equations?
(0/0t)G..... Kwong and Bonitz, Phys. Rev. Lett. 84, 1768 (2000)

van Leeuwen work



Time evolution of the MBPT equations?
(0/0t)G..... Kwong and Bonitz, Phys. Rev. Lett. 84, 1768 (2000)

van Leeuwen work

Tough!!!!!!!



The electron-hole problem : LR

Hedin's equations

¥(1,2) = f/d(34)(;(1:3)F(3: 2. 4)W(4,17)

G(1,2) = G“(1,2)+/d(34)G”(1:3)E(3,4)G(4: 2)

[(1,2,3) =5(1,2)56(1, 3)+/ d(4567) 228 g G(4,6)G(7.5)(6,7,3)

P(1,2) = —f/d(34)G(1,3)G(4: 17)(3,4,2)

W(1,2) = v(1,2)+/d(34)v(1,3).f’(3,4)W(4: 2)




Hedin's pentagon




GG Polarizability

P(1,2)=—i G(1,2)6(2,1%)




GGI Polanzability

-t

P(1,2) = —:’/d(34)G(1,3)G(4: 11)1(3,4,2)







Towards the Bethe-Salpeter

- o> -
[ =1+ ——GGI
e
GGl = GG + GG?—ZGGF
5G
- 0> ~
[ =104+ 10" =]
TL5G

(56)

78) [(7834)

i 0%
[(1234) = [°(1234) + L“(1256)6G




Towards the Bethe-Salpeter Equation

From electron and hole propagation to the electron-hole interaction

[(1234) = L°(1234) + L°(1256)”ZE?2 (7834)




Irreducible form of the Bethe-Salpeter equation

5¥(56) -

[(1234) = 1°(1234) + [°(1256)

a0 8)L(7834)

Reducible quantity

L =1L+ Lvl




Bethe-Salpeter Equation

5% (56)
5G(78)

[(1234)=L°(1234) + L°(1256)| v(57)5(56)5(78)+ L(7834)

5VH (SVH on
Ve 00 6Vey
Wie  Vie 0n

Ve  0n 0Vey

X=X+ X (v+fe)x




Comparison with Linear Response quantities

w12 = 525?2)
[(1238) — ;'/GE?;)




Comparison with Linear Response quantities

X(12) = 5(\5/11()2)
[(1133) — 5%652)




Comparison with Linear Response quantities

w{12) = 5251()2)
[(1133) — 5?/11()3)




Comparison with Linear Response quantities

on(1)
O Vext(2)

X(12) =

on(1)
O Vext(3)

Bethe-Salpeter Equation

5% (56)
5G(78)

[(1133) =

[(1234)=L°(1234) + L°(1256)| v(57)5(56)5(78)+ L(7834)




Comparison with Linear Response quantities

/ on(1) \
W12 =571 (&Q«a“
V&
o
[(1133) 5‘\5/”1(1) N\

N J
Bethe-Salpeter Equation .
MY

e
[(1234) o gg@ﬁl) + L9 1256)[v(57)5(56)5(78)+ 52(56)] L(7834)

o 5G(78)
W




We have the (4-point)
Bethe-Salpeter equation.
And now 7




Approximations

First point: Choosing %

5% (56)
5G(78)

[(1234)=[°(1234) + L°(1256)| v(57)8(56)8(78)+ L(7834)

> W(1,2) =iG(12)W(21)

=- Standard Bethe-Salpeter equation
(Time-Dependent Screened Hartree-Fock)




Choice of 2 = GW

Everything should be coherently chosen

—> ground state calculation — ¢, €;
= GRs ; erpalr, V' w) ; W(r,r,w)=cgppv
= X(r,r,w) = [ duw/' GRe(r,r )W (r, v, w+ ')

= Ei=+APW Y~
= GV(r,r,w)




L = GG+ GGlv— W|L

= A ow 0
FoOX. —— —
PP 5C

W static



Realizations

[(1234,w) = L°(1234, w) + L°(1256, w)K (5678)L(7834, w)

L{nand](' T) L LD{”3n4}(f T] + LO [n5nﬁ}(w)K(n?na]L{ngm}(r T)

(mn2)\") ™ S(nim) \ (n1n2) (nsne) ~(n7ng)\™

We work in transition space...

L(1234,w) = L") (w) =

= / d(1234)L (1234, )b, (1)65,(2)6ns (3)05, (4) =< L >

Clever choice of the basis ¢,




f_{”3”4](¢u) _ Lﬂ{ﬂam}(, T) 4 LU[ﬂ5ﬂﬁ}(M)K(ﬂfﬂa]l_{ﬂaﬂﬂ(, ,]

(mn2) (nim) \* (mn2) (nsne) ~(n7ng)\™

.. some “trivial” mathematical arzigogoli ...

—1
L{n3n4}(w) = [(EHE o E”l o Ir"['J)(&;”1n"?rrj‘ru‘r]d.‘» —|_ K{n3n4}:|

(nino) (nim)

L2 () = [(Ens — Em = )0mmOmni+ < v > — < W]

(mn2)



The Excitonic Hamiltonian

L) (05) = [(Eny — Emy = ©)0mmOmne+ < v > — < W]

(mn2)

L) () = ]

(nin) ~ Hexc _

H™ = (Eﬂz o Eﬂ1)§n1n3'5ﬂ2ﬂ4+ Kv> - W>

Resonant vs Coupling

Mn, N2, N3, N4 =V, C (k)

H™° =(E. — E, )00+ < v>—<< W>




m.na, N3, Nng =Vv,C (k)

H™®° = (E. — E,)0 b+ €< v> —<< W>



(Where are we going....???)

M, N2,N3,N4 =V,C (k)

H™° = (E. — E, )0 /0ccr+ <K X> —< W >
N\
K2m* 7 -1/ek’

v ¢
v

Im* -1/er

Wannier exciton — “hydrogen atom”




Absorption Optique
4.0 : : . : :

— EXC




Optical Absorption
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—

ocoupied slabes

—

occupied states




L) (w) = [(Emy — Emy — ©)0nymOmne+ < v > — < W ]!

(nlnzl

L{"E”# ( ) — [Hexc . Ld]_l

{”1 ”2

H™ = [(Eﬂz - Eﬂ1)5”1”35”2"4+ <v>-—-< W :::'}]

Diagonalization ] lterative inversion




Diagonalization case (only resonant approx)

LV = [(Ec — E,)) dpibeer —w+ < v>—< W>]!

1 _Z|A}l :}{Ak|
Ey —w

Spectrum within BSE

e v = 3 S A0 000 (A
A W — E}\exc + 17




Spectrum in BSE (only resonant)

2

Abs®E(w) = Im (L(w)) =D _ |3 AV (c|DIv) & (w — ES)

A vc

AbsPRPA (L) = fm (\(w)) = Z\C\D\ 28 (w0 — (ec—ev))




BSE - creating and diagonalizing a (big) matrix




Standard Approximations for BSE

@ Ground-state

e pseudopotential
e V.. local density approximation

@ Quasi-particle Many-Body Theory

e GW approximation for
e W rpa, plasmon-pole model

° YGW = PKS
o Bethe-Salpeter equation
oW
T

o W rpa, static
o only resonant term




Absorption Spectrum of Silicon

[F-RFA vs GW-RPA vs BSE vs exp.

60 | ' | 1
i ! \ - Exp.
50 |- \ — = IP-RFA
/ « GWRPA

5 Albrecht et al., PRL 80, 4510 (1998)




Absorption Spectrum of Solid Argon

S Sottile, Marsili, et al., PRB (2007).

exp
IP-RPA

« GW-RPA

BSE




Bethe-Salpeter equation results: Molecule (Nay)

Exp.
[ — — — —IP-RPA |
SRR ¥ h GW-RPA -
i i) : — ———BSE |
ORd e | i
10 i .’j\', l: . A
it i B
Pl i b L T
U.U N T AP | e el
A ST 08 N Bl aR et 00 W L o SR oW B C e g
Energy (eV)

5 Onida et al,, PRL 75, 818 (1995)
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¥-Symmetry axis (a..) -1o X-Symmetry axs (a.u1.)

(c) Charge density of the true hole.



Experiment

I‘D.E

Absorption Spectrum

Hexagonal Ice

= GWA
DFT-GGA
0 ORI R R T

Photon energy [eV]

Hahn et al.,, PRL 94, 37404 (2005)



ot (arb. units)

W (e

S Bruneval et al., PRL 97, 267601 (2006)

V)




4:':' T T T T T | T

3.0

1.0

—_—— GW-RPA
«- .+« BSE (resof

BSE (full)

energy loss, m [el]

@ Olevano and Reining, PRL 86, 5962 (2001)



o DFT - ground state
o GW - quasiparticle energies

o BSE - optical and dielectric properties

./ several spectroscopies
\/ variety of systems

% Cumbersome Calculations




Absorption Optique
40 k T T T T T T T T T T

M
wn

N0 (a)

—[1 11] [001] -
. - 20A
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b
=

'y
on

—
=
T T 1

o [eV]

s(q,0) (eV'nm?)

on

V. Olevano et al. (2000)
(bulk silicon 1998)

of
Larson et al., PRL 99, 026401 (2007)

Exciton: Lee, Hsueh, Ku, PRB 82, 081106 (2010)
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NiO: density of states

(@ a)

LDA ——
LDA=0.7eV GW —— |
CCOHSEX+GW =4.6 eV
Exp=4.3eV
8 6 -14 2 0 2 4

M. Guzzo, Master thesis (2008)




NiO: dd excitations

d-d excitations

02— +—+—
— BSE
— GW
0.15F " —
Strongly bound
0.1 excitons -
0.05 —
0 ' (j L A

Energy [eV}

Q ~ 8A'[111]
M. Gatti et al. (2014)

BSE(q): M. Gatti and E. Sottile, Phys. Rev. B 88, 155113 (2014) (LiF)




NiO: dd excitations

d-d excitations

0.2— ' ' ' ' ' T ]
— BSE
— GW
0.15- — LDA
0l Large
| cancellations
0.05+
0 _A\— | ag;

Energy [eV}




Notes:
* Finite systems and correlation
* The “bandgap problem”

* Excitons are fake!



Notes:
* Finite systems and correlation

* The “bandgap problem”

* Excitons are NOT fake!



Oligoacene exciton binding
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K. Hummer and C. Draxl, PRB 71, 081202(R) (2005)



Some references

o Hanke and Sham, PRB 21, 4656 (1980)
@ Onida, Reining, Rubio, RMP 74, 601 (2002)
@ Strinati, Riv Nuovo Cimento 11, 1 (1988)




Energy (eV)

Exciton dispersion in LiF

N
o
—

(Ox-0,0) [[X] (Ox,0,0) [[X]

M. Gatti and F. Sottile, Phys. Rev. B 88, 155113
Exp. P. Abbamonte et al., Proc. Natl. Acad. Sci. USA 105, 12159 (2008).

0.03
0.025
0.02
0.015
0.01
0.005



Notes:

* Finite systems and correlation
* The “bandgap problem”

* Excitons are NOT fake!

* dynamical effects



Notes:

* Finite systems and correlation
* The “bandgap problem”

* Excitons are NOT fake!

* dynamical effects

* TDDFT from the BSE



L=1°+1°(v— W)L

TDDFT screening equation

Y =X+ (v + fio)x




4 point formulation

v(ir—r") = v(r; —r3)d(r; — r2)o(r3 —rg)

fee(r — ') = fic(r1 — r3)0(r1 — r2)5(r3 — 1g)

cf. Casida, TD-HF !

BSE
v(ir—r') = v(r1 —r3)d(r1 — r2)o(r3 — rg)
W(r—r") = W(r1 —r2)d(r1 — r3)d(r2 — rs)

BSE: unavoidable 4-point formulation, TDDFT sometimes
convenient!




L=1°+1°(v— W)L
| )

TDDFT screening equation

Y =X+ (v + fio)X




ALDA: Achievements and Shortcomings

o
2

Absorption of Silicon fc =

()“ I I | I

Y L.Reining et al. Phys.Rev.Lett. 88, 66404 (2002)




ALDA: Achievements and Shortcomings

o
2

Absorption of Silicon fc =

6“ I | I | I |

Y L.Reining et al. Phys.Rev.Lett. 88, 66404 (2002)




Notes:

* Finite systems and correlation
* The “bandgap problem”

* Excitons are NOT fake!

* dynamical effects

* TDDFT from the BSE

*2 =1IGWI






r(1,2.3) = 6(1,2)d(1 3)+

/ 4567) 45; (4.6)G(7.5)(6.7.3)

e.g. E. Shirley et al.




e

M(1,2.3) = 6(1,2)0(1,3)+

b/ %mﬁ21” G(4.6)G(7.5)F(6.7.3)

/

e.g. Del Sole, Reining, Godby PRB 1994



The Bethe-Salpeter Equation

— A reminder

— TD-GFT
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http://etsf.polytechnique.fr
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