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DFT:
φj(x)

MBPT:
{ψ̂(x), ψ̂†(y)} = δ(x− y)

︸ ︷︷ ︸

Both theories find a natural and elegant riformulation in the functional integral
formalism, for T = 0 and for T 6= 0 as well.
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In the second quantization formalism, Ĥ − µN̂ is written in terms of
normal–ordered creation and annihilation operators, ψ̂†

i ψ̂i or ψ̂†
i ψ̂

†
j ψ̂j ψ̂i:
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◮ Coherent States: eigenstates of the annihilation operator:

ψ̂σ(x)|ψ〉 = ψσ(x)|ψ〉
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Feynman phase–space path integral (QM)

In the second quantization formalism, Ĥ − µN̂ is written in terms of
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†
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∫

∏

σ,x

dψ̄σ(x)dψσ(x) e
−
∫

d3x ψ̄σ(x)ψσ(x)
〈−ψ|Â|ψ〉
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Tr[Â] =

∫

∏

σ,x
dψ̄σ(x)dψσ(x) e

−
∫

dx ψ̄σ(x)ψσ(x)
〈−ψ|Â|ψ〉
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Last step: letting N approach∞:
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Last step: letting N approach∞: continuum limit: ψ(k)
σ (x)→ ψσ(x, τ)...
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to a two–fermion–fields plus
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9 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Path–integral form of Z

Z =

∫

D
[
ψ̄σ(x, τ)

]
D [ψσ(x, τ)] exp−

1

~
S
[
ψ̄,ψ

]

S[ψ, ψ̄,ϕ] =

∫

dx ψ̄σ(x)

(

~
∂

∂τ
−

~
2

2m
∇

2
+ u(x) − µ

)

ψσ(x) +

+
1

2

∫

dxdy ψ̄σ(x)ψ̄ρ(y)
e2

|x − y|
ψρ(y)ψσ(x)

↑

The very last step:
Hubbard–Stratonovich transformation:
from a four–fermion–fields interaction
to a two–fermion–fields plus
an auxiliary–boson–field one (∼ QED):

e−
1
2~

n·U0n =
∫

D[ϕ]e−
e2

2~
ϕ·U

−1
0 ϕ− ie

~
ϕ·n

9 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Path–integral form of Z

Z =

∫

D
[
ψ̄σ(x, τ)

]
D [ψσ(x, τ)] exp−

1

~
S
[
ψ̄,ψ

]

S[ψ, ψ̄,ϕ] =

∫

dx ψ̄σ(x)

(

~
∂

∂τ
−

~
2

2m
∇

2
+ u(x) − µ

)

ψσ(x) +

+
1

2

∫

dxdy ψ̄σ(x)ψ̄ρ(y)
e2

|x − y|
ψρ(y)ψσ(x)

↑

The very last step:
Hubbard–Stratonovich transformation:
from a four–fermion–fields interaction
to a two–fermion–fields plus
an auxiliary–boson–field one (∼ QED):

e−
1
2~

n·U0n =
∫

D[ϕ]e−
e2

2~
ϕ·U

−1
0 ϕ− ie

~
ϕ·n =

ψ̄

ψ

ϕ

9 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Path–integral form of Z

Z =

∫

D
[
ψ̄σ(x, τ)

]
D [ψσ(x, τ)] exp−

1

~
S
[
ψ̄,ψ

]

S[ψ, ψ̄,ϕ] =

∫

dx ψ̄σ(x)

(

~
∂

∂τ
−

~
2

2m
∇

2
+ u(x) − µ

)

ψσ(x) +

+
1

2

∫

dxdy ψ̄σ(x)ψ̄ρ(y)
e2

|x − y|
ψρ(y)ψσ(x)

↑

The very last step:
Hubbard–Stratonovich transformation:
from a four–fermion–fields interaction
to a two–fermion–fields plus
an auxiliary–boson–field one (∼ QED):

e−
1
2~

n·U0n =
∫

D[ϕ]e−
e2

2~
ϕ·U

−1
0 ϕ− ie

~
ϕ·n =

ψ̄

ψ

ϕ

Z =

∫

D
[

ψ̄
]

D [ψ]D [ϕ] exp−
1

~
S
[

ψ̄,ψ,ϕ
]

9 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Path–integral form of Z

Z =

∫

D
[
ψ̄σ(x, τ)

]
D [ψσ(x, τ)] exp−

1

~
S
[
ψ̄,ψ

]

S[ψ, ψ̄,ϕ] =

∫

dx ψ̄σ(x)

(

~
∂

∂τ
−

~
2

2m
∇

2
+ u(x) − µ

)

ψσ(x) +

+
1

2

∫

dxdy ψ̄σ(x)ψ̄ρ(y)
e2

|x − y|
ψρ(y)ψσ(x)

↑

The very last step:
Hubbard–Stratonovich transformation:
from a four–fermion–fields interaction
to a two–fermion–fields plus
an auxiliary–boson–field one (∼ QED):

e−
1
2~

n·U0n =
∫

D[ϕ]e−
e2

2~
ϕ·U

−1
0 ϕ− ie

~
ϕ·n =

ψ̄

ψ

ϕ

Z =

∫

D
[

ψ̄
]

D [ψ]D [ϕ] exp−
1

~
S
[

ψ̄,ψ,ϕ
]

S[ψ, ψ̄,ϕ] =

∫

dx ψ̄σ(x)

(

~
∂

∂τ
−

~
2

2m
∇

2
+ u(x) − µ

)

ψσ(x)+

+

∫

dx ϕ(x)

(

−
1

8π
∇

2
)

ϕ(x) + ie

∫

dx ψ̄σ(x)ϕ(x)ψσ(x)

9 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Two–points functions and generating functionals

10 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Two–points functions and generating functionals
◮ Electronic Propagator:

−Gσσ′ (x;x′) = 〈ψσ(x)ψ̄σ′ (x′)〉Z



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Two–points functions and generating functionals
◮ Electronic Propagator:

−Gσσ′ (x;x′) = 〈ψσ(x)ψ̄σ′ (x′)〉Z = xx′

10 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Two–points functions and generating functionals
◮ Electronic Propagator:

−Gσσ′ (x;x′) = 〈ψσ(x)ψ̄σ′ (x′)〉Z = xx′

◮ Dressed Interaction (∼ boson propagator):

U(x;x′) = e2

~
〈ϕ(x)ϕ(x′)〉Z



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Two–points functions and generating functionals
◮ Electronic Propagator:

−Gσσ′ (x;x′) = 〈ψσ(x)ψ̄σ′ (x′)〉Z = xx′

◮ Dressed Interaction (∼ boson propagator):

U(x;x′) = e2

~
〈ϕ(x)ϕ(x′)〉Z = xx′

10 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Two–points functions and generating functionals
◮ Electronic Propagator:

−Gσσ′ (x;x′) = 〈ψσ(x)ψ̄σ′ (x′)〉Z = xx′

◮ Dressed Interaction (∼ boson propagator):

U(x;x′) = e2

~
〈ϕ(x)ϕ(x′)〉Z = xx′

Linear coupling with external sources ησ(x), η̄σ(x), ρ(x) (Schwinger, ‘50):
fields become derivatives...

10 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Two–points functions and generating functionals
◮ Electronic Propagator:

−Gσσ′ (x;x′) = 〈ψσ(x)ψ̄σ′ (x′)〉Z = xx′

◮ Dressed Interaction (∼ boson propagator):

U(x;x′) = e2

~
〈ϕ(x)ϕ(x′)〉Z = xx′

Linear coupling with external sources ησ(x), η̄σ(x), ρ(x) (Schwinger, ‘50):
fields become derivatives...

Z [η̄,η,ρ] =

∫

D
[
ψ̄
]
D [ψ]D [ϕ] e−

1
~
{S+Ssorg [η̄,η,ρ]}

↓
Ssorg =

∫

dx
[

η̄σ(x)ψσ(x) + ψ̄σ(x)ησ(x) + ieρ(x)ϕ(x)
]

10 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Two–points functions and generating functionals
◮ Electronic Propagator:

−Gσσ′ (x;x′) = 〈ψσ(x)ψ̄σ′ (x′)〉Z = xx′

◮ Dressed Interaction (∼ boson propagator):

U(x;x′) = e2

~
〈ϕ(x)ϕ(x′)〉Z = xx′

Linear coupling with external sources ησ(x), η̄σ(x), ρ(x) (Schwinger, ‘50):
fields become derivatives...

Z [η̄,η,ρ] =

∫

D
[
ψ̄
]
D [ψ]D [ϕ] e−

1
~
{S+Ssorg [η̄,η,ρ]}

↓
Ssorg =

∫

dx
[

η̄σ(x)ψσ(x) + ψ̄σ(x)ησ(x) + ieρ(x)ϕ(x)
]

Gσσ′ (x; x
′
) = −

~
2

Z

δ(2)Z[η̄,η,ρ]

δη̄σ1 (1)δησ1′
(1′)

U(x; x
′
) = −

~

Z

δ(2)Z[η̄,η,ρ]

δρ(1)δρ(1′)

10 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Two–points functions and generating functionals
◮ Electronic Propagator:

−Gσσ′ (x;x′) = 〈ψσ(x)ψ̄σ′ (x′)〉Z = xx′

◮ Dressed Interaction (∼ boson propagator):

U(x;x′) = e2

~
〈ϕ(x)ϕ(x′)〉Z = xx′

Linear coupling with external sources ησ(x), η̄σ(x), ρ(x) (Schwinger, ‘50):
fields become derivatives...

Z [η̄,η,ρ] =

∫

D
[
ψ̄
]
D [ψ]D [ϕ] e−

1
~
{S+Ssorg [η̄,η,ρ]}

↓
Ssorg =

∫

dx
[

η̄σ(x)ψσ(x) + ψ̄σ(x)ησ(x) + ieρ(x)ϕ(x)
]

Gσσ′ (x; x
′
) = −

~
2

Z

δ(2)Z[η̄,η,ρ]

δη̄σ1 (1)δησ1′
(1′)

U(x; x
′
) = −

~

Z

δ(2)Z[η̄,η,ρ]

δρ(1)δρ(1′)

◮ Z[η̄,η,ρ] is the generator of the proper Green’s functions.

10 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Two–points functions and generating functionals
◮ Electronic Propagator:

−Gσσ′ (x;x′) = 〈ψσ(x)ψ̄σ′ (x′)〉Z = xx′

◮ Dressed Interaction (∼ boson propagator):

U(x;x′) = e2

~
〈ϕ(x)ϕ(x′)〉Z = xx′

Linear coupling with external sources ησ(x), η̄σ(x), ρ(x) (Schwinger, ‘50):
fields become derivatives...

Z [η̄,η,ρ] =

∫

D
[
ψ̄
]
D [ψ]D [ϕ] e−

1
~
{S+Ssorg [η̄,η,ρ]}

↓
Ssorg =

∫

dx
[

η̄σ(x)ψσ(x) + ψ̄σ(x)ησ(x) + ieρ(x)ϕ(x)
]

Gσσ′ (x; x
′
) = −

~
2

Z

δ(2)Z[η̄,η,ρ]

δη̄σ1 (1)δησ1′
(1′)

U(x; x
′
) = −

~

Z

δ(2)Z[η̄,η,ρ]

δρ(1)δρ(1′)

◮ Z[η̄,η,ρ] is the generator of the proper Green’s functions.

◮ Z[η̄,η,ρ] = e−
1
~
W[η̄,η,ρ]

10 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Two–points functions and generating functionals
◮ Electronic Propagator:

−Gσσ′ (x;x′) = 〈ψσ(x)ψ̄σ′ (x′)〉Z = xx′

◮ Dressed Interaction (∼ boson propagator):

U(x;x′) = e2

~
〈ϕ(x)ϕ(x′)〉Z = xx′

Linear coupling with external sources ησ(x), η̄σ(x), ρ(x) (Schwinger, ‘50):
fields become derivatives...

Z [η̄,η,ρ] =

∫

D
[
ψ̄
]
D [ψ]D [ϕ] e−

1
~
{S+Ssorg [η̄,η,ρ]}

↓
Ssorg =

∫

dx
[

η̄σ(x)ψσ(x) + ψ̄σ(x)ησ(x) + ieρ(x)ϕ(x)
]

Gσσ′ (x; x
′
) = −

~
2

Z

δ(2)Z[η̄,η,ρ]

δη̄σ1 (1)δησ1′
(1′)

U(x; x
′
) = −

~

Z

δ(2)Z[η̄,η,ρ]

δρ(1)δρ(1′)

◮ Z[η̄,η,ρ] is the generator of the proper Green’s functions.

◮ Z[η̄,η,ρ] = e−
1
~
W[η̄,η,ρ] −→W[η̄,η,ρ] is the generator of the

connected Green’s functions.

10 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Two–points functions and generating functionals
◮ Electronic Propagator:

−Gσσ′ (x;x′) = 〈ψσ(x)ψ̄σ′ (x′)〉Z = xx′

◮ Dressed Interaction (∼ boson propagator):

U(x;x′) = e2

~
〈ϕ(x)ϕ(x′)〉Z = xx′

Linear coupling with external sources ησ(x), η̄σ(x), ρ(x) (Schwinger, ‘50):
fields become derivatives...

Z [η̄,η,ρ] =

∫

D
[
ψ̄
]
D [ψ]D [ϕ] e−

1
~
{S+Ssorg [η̄,η,ρ]}

↓
Ssorg =

∫

dx
[

η̄σ(x)ψσ(x) + ψ̄σ(x)ησ(x) + ieρ(x)ϕ(x)
]

Gσσ′ (x; x
′
) = −

~
2

Z

δ(2)Z[η̄,η,ρ]

δη̄σ1 (1)δησ1′
(1′)

U(x; x
′
) = −

~

Z

δ(2)Z[η̄,η,ρ]

δρ(1)δρ(1′)

◮ Z[η̄,η,ρ] is the generator of the proper Green’s functions.

◮ Z[η̄,η,ρ] = e−
1
~
W[η̄,η,ρ] −→W[η̄,η,ρ] is the generator of the

connected Green’s functions.

◮ Γ[ψ̄c,ψc,ϕc] =W[η̄,η,ρ]−∑

σ

∫
dx

[
η̄ ·ψc + ψ̄c · η + ieρ ·ϕc

]
,

with ϕc(x) ≡ 〈ϕ(x)〉Z , ..., that is performing a Legendre transform onW

10 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Two–points functions and generating functionals
◮ Electronic Propagator:

−Gσσ′ (x;x′) = 〈ψσ(x)ψ̄σ′ (x′)〉Z = xx′

◮ Dressed Interaction (∼ boson propagator):

U(x;x′) = e2

~
〈ϕ(x)ϕ(x′)〉Z = xx′

Linear coupling with external sources ησ(x), η̄σ(x), ρ(x) (Schwinger, ‘50):
fields become derivatives...

Z [η̄,η,ρ] =

∫

D
[
ψ̄
]
D [ψ]D [ϕ] e−

1
~
{S+Ssorg [η̄,η,ρ]}

↓
Ssorg =

∫

dx
[

η̄σ(x)ψσ(x) + ψ̄σ(x)ησ(x) + ieρ(x)ϕ(x)
]

Gσσ′ (x; x
′
) = −

~
2

Z

δ(2)Z[η̄,η,ρ]

δη̄σ1 (1)δησ1′
(1′)

U(x; x
′
) = −

~

Z

δ(2)Z[η̄,η,ρ]

δρ(1)δρ(1′)

◮ Z[η̄,η,ρ] is the generator of the proper Green’s functions.

◮ Z[η̄,η,ρ] = e−
1
~
W[η̄,η,ρ] −→W[η̄,η,ρ] is the generator of the

connected Green’s functions.

◮ Γ[ψ̄c,ψc,ϕc] =W[η̄,η,ρ]−∑

σ

∫
dx

[
η̄ ·ψc + ψ̄c · η + ieρ ·ϕc

]
,

with ϕc(x) ≡ 〈ϕ(x)〉Z , ..., that is performing a Legendre transform onW
−→ Γ[ψ̄c,ψc,ϕc] is the generator of the 1PI Green’s functions.

10 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Self–Energy and Proper Polarization

11 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Self–Energy and Proper Polarization

Properties of the Legendre Transform:

δ(2)Γ[ψcl, ψ̄
cl
,ϕcl]

δψ̄clµ (1)δψclν (2)
= ~G−1

µν (1, 2)

δ(2)Γ[ψcl, ψ̄
cl
,ϕcl]

δϕcl(1)δϕcl(2)
= e2U−1(1, 2)

11 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Self–Energy and Proper Polarization

Properties of the Legendre Transform:

δ(2)Γ[ψcl, ψ̄
cl
,ϕcl]

δψ̄clµ (1)δψclν (2)
= ~G−1

µν (1, 2) = ~

[

G0−1
σσ′ (1, 1′)− Σ∗

σσ′ (1, 1
′)
]

δ(2)Γ[ψcl, ψ̄
cl
,ϕcl]

δϕcl(1)δϕcl(2)
= e2U−1(1, 2) = e2

[

U−1
0 (1, 1′)−Π∗(1, 1′)

]

11 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Self–Energy and Proper Polarization

Properties of the Legendre Transform:

δ(2)Γ[ψcl, ψ̄
cl
,ϕcl]

δψ̄clµ (1)δψclν (2)
= ~G−1

µν (1, 2) = ~

[

G0−1
σσ′ (1, 1′)− Σ∗

σσ′ (1, 1
′)
]

δ(2)Γ[ψcl, ψ̄
cl
,ϕcl]

δϕcl(1)δϕcl(2)
= e2U−1(1, 2) = e2

[

U−1
0 (1, 1′)−Π∗(1, 1′)

]

︸ ︷︷ ︸

G = G0 + G0Σ∗G U = U0 + U0Π∗U
Dyson equations

11 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Self–Energy and Proper Polarization

Properties of the Legendre Transform:

δ(2)Γ[ψcl, ψ̄
cl
,ϕcl]

δψ̄clµ (1)δψclν (2)
= ~G−1

µν (1, 2) = ~

[

G0−1
σσ′ (1, 1′)− Σ∗

σσ′ (1, 1
′)
]

δ(2)Γ[ψcl, ψ̄
cl
,ϕcl]

δϕcl(1)δϕcl(2)
= e2U−1(1, 2) = e2

[

U−1
0 (1, 1′)−Π∗(1, 1′)

]

︸ ︷︷ ︸

G = G0 + G0Σ∗G U = U0 + U0Π∗U
Dyson equations

= + Σ∗ = + Π∗

11 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Schwinger–Dyson equations → Hedin equations

Z [η̄,η,ρ] =

∫

D
[
ψ̄
]
D [ψ]D [ϕ] e−

1
~
{S+Ssorg [η̄,η,ρ]}

12 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Schwinger–Dyson equations → Hedin equations

Z [η̄,η,ρ] =

∫

D
[
ψ̄
]
D [ψ]D [ϕ] e−

1
~
{S+Ssorg [η̄,η,ρ]}

Infinitesimal shift of the fields −→ Z [η̄,η,ρ] doesn’t change!
−→ Schwinger–Dyson equations (’50):

equations of motion for
the generating functionals.

12 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Schwinger–Dyson equations → Hedin equations

Z [η̄,η,ρ] =

∫

D
[
ψ̄
]
D [ψ]D [ϕ] e−

1
~
{S+Ssorg [η̄,η,ρ]}

Infinitesimal shift of the fields −→ Z [η̄,η,ρ] doesn’t change!
−→ Schwinger–Dyson equations (’50):

equations of motion for
the generating functionals.

◮ Shift of the field ψ̄σ(x): ψ̄σ(x)→ ψ̄σ(x) + δψ̄σ(x)

12 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Schwinger–Dyson equations → Hedin equations

Z [η̄,η,ρ] =

∫

D
[
ψ̄
]
D [ψ]D [ϕ] e−

1
~
{S+Ssorg [η̄,η,ρ]}

Infinitesimal shift of the fields −→ Z [η̄,η,ρ] doesn’t change!
−→ Schwinger–Dyson equations (’50):

equations of motion for
the generating functionals.

◮ Shift of the field ψ̄σ(x): ψ̄σ(x)→ ψ̄σ(x) + δψ̄σ(x)

Sold −→ Sold +

∫

dx δψ̄σ(x)
[(
k(x) + ieϕ(x)

)
ψσ(x) + ησ(x)

]

↑
k(x, τ) = ~

∂
∂τ
− ~

2

2m
∇2 + u(x)− µ

12 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Schwinger–Dyson equations → Hedin equations

Z [η̄,η,ρ] =

∫

D
[
ψ̄
]
D [ψ]D [ϕ] e−

1
~
{S+Ssorg [η̄,η,ρ]}

Infinitesimal shift of the fields −→ Z [η̄,η,ρ] doesn’t change!
−→ Schwinger–Dyson equations (’50):

equations of motion for
the generating functionals.

◮ Shift of the field ψ̄σ(x): ψ̄σ(x)→ ψ̄σ(x) + δψ̄σ(x)

Sold −→ Sold +

∫

dx δψ̄σ(x)
[(
k(x) + ieϕ(x)

)
ψσ(x) + ησ(x)

]

↑
k(x, τ) = ~

∂
∂τ
− ~

2

2m
∇2 + u(x)− µ

[

k(x) +
δW
δρ(x)

]
δW

δη̄σ(x)
− ~

δ(2)W
δρ(x)δη̄σ(x)

+ ησ(x) = 0

12 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Schwinger–Dyson equations → Hedin equations

Z [η̄,η,ρ] =

∫

D
[
ψ̄
]
D [ψ]D [ϕ] e−

1
~
{S+Ssorg [η̄,η,ρ]}

Infinitesimal shift of the fields −→ Z [η̄,η,ρ] doesn’t change!
−→ Schwinger–Dyson equations (’50):

equations of motion for
the generating functionals.

◮ Shift of the field ψ̄σ(x): ψ̄σ(x)→ ψ̄σ(x) + δψ̄σ(x)

Sold −→ Sold +

∫

dx δψ̄σ(x)
[(
k(x) + ieϕ(x)

)
ψσ(x) + ησ(x)

]

↑
k(x, τ) = ~

∂
∂τ
− ~

2

2m
∇2 + u(x)− µ

[

k(x) +
δW
δρ(x)

]
δW

δη̄σ(x)
− ~

δ(2)W
δρ(x)δη̄σ(x)

+ ησ(x) = 0

◮ Shift of the field ϕ(x): ϕ(x)→ ϕ(x) + δϕ(x)

12 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Schwinger–Dyson equations → Hedin equations

Z [η̄,η,ρ] =

∫

D
[
ψ̄
]
D [ψ]D [ϕ] e−

1
~
{S+Ssorg [η̄,η,ρ]}

Infinitesimal shift of the fields −→ Z [η̄,η,ρ] doesn’t change!
−→ Schwinger–Dyson equations (’50):

equations of motion for
the generating functionals.

◮ Shift of the field ψ̄σ(x): ψ̄σ(x)→ ψ̄σ(x) + δψ̄σ(x)

Sold −→ Sold +

∫

dx δψ̄σ(x)
[(
k(x) + ieϕ(x)

)
ψσ(x) + ησ(x)

]

↑
k(x, τ) = ~

∂
∂τ
− ~

2

2m
∇2 + u(x)− µ

[

k(x) +
δW
δρ(x)

]
δW

δη̄σ(x)
− ~

δ(2)W
δρ(x)δη̄σ(x)

+ ησ(x) = 0

◮ Shift of the field ϕ(x): ϕ(x)→ ϕ(x) + δϕ(x)

− 1

4πie
∇2 δW

δρ(x)
− ie~ δ(2)W

δη̄σ(x)δησ(x+)
+ ieρ(x) = 0

12 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Ward Identities → Hedin equations

13 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Ward Identities → Hedin equations
◮ Begin with Schwinger–Dyson equation:

[

k(1) +
δW
δρ(1)

]
δW
δη̄σ(1)

− ~
δ(2)W

δρ(1)δη̄σ(1)
+ ησ(1) = 0

13 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Ward Identities → Hedin equations
◮ Begin with Schwinger–Dyson equation:

[

k(1) +
δW
δρ(1)

]
δW
δη̄σ(1)

− ~
δ(2)W

δρ(1)δη̄σ(1)
+ ησ(1) = 0

◮ Derivative w.r.t. external source (G11′ = −~W
(2)
η̄1η1′

with sources to 0):

[

k(1) + ieϕcl(1)

]

Gσσ′ (1, 1′)− ~
δ

δρ(1)
Gσσ′ (1, 1′) = −~δσσ′δ(1− 1′)

13 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Ward Identities → Hedin equations
◮ Begin with Schwinger–Dyson equation:

[

k(1) +
δW
δρ(1)

]
δW
δη̄σ(1)

− ~
δ(2)W

δρ(1)δη̄σ(1)
+ ησ(1) = 0

◮ Derivative w.r.t. external source (G11′ = −~W
(2)
η̄1η1′

with sources to 0):

[

k(1) + ieϕcl(1)

]

Gσσ′ (1, 1′)− ~
δ

δρ(1)
Gσσ′ (1, 1′) = −~δσσ′δ(1− 1′)

◮ Using k(1)δ(1− 1′) = − δ(2)Γ(0)

δψ̄cl(1)δψcl(1′)
and Γψ̄ψ − Γ

(0)

ψ̄ψ
= −~Σ∗:

13 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Ward Identities → Hedin equations
◮ Begin with Schwinger–Dyson equation:

[

k(1) +
δW
δρ(1)

]
δW
δη̄σ(1)

− ~
δ(2)W

δρ(1)δη̄σ(1)
+ ησ(1) = 0

◮ Derivative w.r.t. external source (G11′ = −~W
(2)
η̄1η1′

with sources to 0):

[

k(1) + ieϕcl(1)

]

Gσσ′ (1, 1′)− ~
δ

δρ(1)
Gσσ′ (1, 1′) = −~δσσ′δ(1− 1′)

◮ Using k(1)δ(1− 1′) = − δ(2)Γ(0)

δψ̄cl(1)δψcl(1′)
and Γψ̄ψ − Γ

(0)

ψ̄ψ
= −~Σ∗:

Σ∗
σρ(1, 2)Gρσ′ (2, 1′) +

δ

δρ(1)
Gσσ′ (1, 1′)− i e

~
ϕcl(1)Gσσ′ (1, 1′) = 0

13 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Ward Identities → Hedin equations
◮ Begin with Schwinger–Dyson equation:

[

k(1) +
δW
δρ(1)

]
δW
δη̄σ(1)

− ~
δ(2)W

δρ(1)δη̄σ(1)
+ ησ(1) = 0

◮ Derivative w.r.t. external source (G11′ = −~W
(2)
η̄1η1′

with sources to 0):

[

k(1) + ieϕcl(1)

]

Gσσ′ (1, 1′)− ~
δ

δρ(1)
Gσσ′ (1, 1′) = −~δσσ′δ(1− 1′)

◮ Using k(1)δ(1− 1′) = − δ(2)Γ(0)

δψ̄cl(1)δψcl(1′)
and Γψ̄ψ − Γ

(0)

ψ̄ψ
= −~Σ∗:

Σ∗
σρ(1, 2)Gρσ′ (2, 1′) +

δ

δρ(1)
Gσσ′ (1, 1′)− i e

~
ϕcl(1)Gσσ′ (1, 1′) = 0

◮ Apply functional inverse (againW(2)
η̄1η2

Γ
(2)

ψ̄2ψ3
= −δ13):

13 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Ward Identities → Hedin equations
◮ Begin with Schwinger–Dyson equation:

[

k(1) +
δW
δρ(1)

]
δW
δη̄σ(1)

− ~
δ(2)W

δρ(1)δη̄σ(1)
+ ησ(1) = 0

◮ Derivative w.r.t. external source (G11′ = −~W
(2)
η̄1η1′

with sources to 0):

[

k(1) + ieϕcl(1)

]

Gσσ′ (1, 1′)− ~
δ

δρ(1)
Gσσ′ (1, 1′) = −~δσσ′δ(1− 1′)

◮ Using k(1)δ(1− 1′) = − δ(2)Γ(0)

δψ̄cl(1)δψcl(1′)
and Γψ̄ψ − Γ

(0)

ψ̄ψ
= −~Σ∗:

Σ∗
σρ(1, 2)Gρσ′ (2, 1′) +

δ

δρ(1)
Gσσ′ (1, 1′)− i e

~
ϕcl(1)Gσσ′ (1, 1′) = 0

◮ Apply functional inverse (againW(2)
η̄1η2

Γ
(2)

ψ̄2ψ3
= −δ13):

Σ∗
σσ′(1, 1

′) = i
e

~
ϕcl(1)δσσ′δ(1− 1′)+

− 1

~
Gσρ(1, 2)

δϕcl(3)

δρ(1)

δ(3)Γ

δϕcl(3)δψ̄clρ (2)δψcl
σ′ (1′)

13 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Ward Identities → Hedin equations
◮ Begin with Schwinger–Dyson equation:

[

k(1) +
δW
δρ(1)

]
δW
δη̄σ(1)

− ~
δ(2)W

δρ(1)δη̄σ(1)
+ ησ(1) = 0

◮ Derivative w.r.t. external source (G11′ = −~W
(2)
η̄1η1′

with sources to 0):

[

k(1) + ieϕcl(1)

]

Gσσ′ (1, 1′)− ~
δ

δρ(1)
Gσσ′ (1, 1′) = −~δσσ′δ(1− 1′)

◮ Using k(1)δ(1− 1′) = − δ(2)Γ(0)

δψ̄cl(1)δψcl(1′)
and Γψ̄ψ − Γ

(0)

ψ̄ψ
= −~Σ∗:

Σ∗
σρ(1, 2)Gρσ′ (2, 1′) +

δ

δρ(1)
Gσσ′ (1, 1′)− i e

~
ϕcl(1)Gσσ′ (1, 1′) = 0

◮ Apply functional inverse (againW(2)
η̄1η2

Γ
(2)

ψ̄2ψ3
= −δ13):

Σ∗
σσ′(1, 1

′) = i
e

~
ϕcl(1)δσσ′δ(1− 1′)+

− 1

~
Gσρ(1, 2)

δϕcl(3)

δρ(1)

δ(3)Γ

δϕcl(3)δψ̄clρ (2)δψcl
σ′ (1′)

Hedin equation for Σ∗!
13 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Hedin equations

14 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Hedin equations

◮ Hedin equation for the proper self–energy Σ∗
σσ′ (1, 1

′):

Σ∗
σσ′ (1, 1

′) =
1

~
δσσ′δ(1− 1′)UH(1) + Σ∗

xcσσ′
(1, 1′)

14 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Hedin equations

◮ Hedin equation for the proper self–energy Σ∗
σσ′ (1, 1

′):

Σ∗
σσ′ (1, 1

′) =
1

~
δσσ′δ(1− 1′)UH(1) + Σ∗

xcσσ′
(1, 1′)

◮ Hartree insertion (tadpole):

1

~
UH(1) =

1

~

∫

d2 U0(1, 2)Gρρ(2, 2
+
)

14 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Hedin equations

◮ Hedin equation for the proper self–energy Σ∗
σσ′ (1, 1

′):

Σ∗
σσ′ (1, 1

′) =
1

~
δσσ′δ(1− 1′)UH(1) + Σ∗

xcσσ′
(1, 1′)

◮ Hartree insertion (tadpole):

1

~
UH(1) =

1

~

∫

d2 U0(1, 2)Gρρ(2, 2
+
)

◮ Exchange–correlation term:

Σ
∗
xc
σσ′

(1, 1
′
) = −

1

~

∫

d2d3 Gσρ(1, 2)U(3, 1)Γσ′ρ(1
′
, 2, 3)

14 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Hedin equations

◮ Hedin equation for the proper self–energy Σ∗
σσ′ (1, 1

′):

Σ∗
σσ′ (1, 1

′) =
1

~
δσσ′δ(1− 1′)UH(1) + Σ∗

xcσσ′
(1, 1′)

◮ Hartree insertion (tadpole):

1

~
UH(1) =

1

~

∫

d2 U0(1, 2)Gρρ(2, 2
+
)

◮ Exchange–correlation term:

Σ
∗
xc
σσ′

(1, 1
′
) = −

1

~

∫

d2d3 Gσρ(1, 2)U(3, 1)Γσ′ρ(1
′
, 2, 3)

1′

Σ∗(1; 1′)

1

=
1 ≡ 1′

2
+

Γ

1′

1

32

14 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Hedin equations

◮ Hedin equation for the proper polarization Π∗(1, 1′):

15 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Hedin equations

◮ Hedin equation for the proper polarization Π∗(1, 1′):

Π∗(1, 1′) =
1

~
Gσµ(1, 2)Gνσ(2′, 1+)Γνµ(2

′, 2, 1′)

15 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Hedin equations

◮ Hedin equation for the proper polarization Π∗(1, 1′):

Π∗(1, 1′) =
1

~
Gσµ(1, 2)Gνσ(2′, 1+)Γνµ(2

′, 2, 1′)

Π∗(1, 1′) = Γ1′ 1

2′

2

15 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Hedin equations

◮ Hedin equation for the proper polarization Π∗(1, 1′):

Π∗(1, 1′) =
1

~
Gσµ(1, 2)Gνσ(2′, 1+)Γνµ(2

′, 2, 1′)

Π∗(1, 1′) = Γ1′ 1

2′

2

◮ Hedin equation for the dressed vertex Γµν(1, 2, 3):

15 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Hedin equations

◮ Hedin equation for the proper polarization Π∗(1, 1′):

Π∗(1, 1′) =
1

~
Gσµ(1, 2)Gνσ(2′, 1+)Γνµ(2

′, 2, 1′)

Π∗(1, 1′) = Γ1′ 1

2′

2

◮ Hedin equation for the dressed vertex Γµν(1, 2, 3):

Γµν(1, 2, 3) =
1 ≡ 2 ≡ 3

+ Γ
δΣ∗
xc
δG

1

2
3 4′

5′

4

5

15 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Hedin equations: approximations

16 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Hedin equations: approximations

◮ Hartree–Fock approximation:

Γ
1′

1
≈

1′

1

16 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Hedin equations: approximations

◮ Hartree–Fock approximation:

Γ
1′

1
≈

1′

1

◮ Random–Phase approximation:

Γ
1′

1
≈

1′

1

16 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Hedin equations: approximations

◮ Hartree–Fock approximation:

Γ
1′

1
≈

1′

1

◮ Random–Phase approximation:

Γ
1′

1
≈

1′

1

◮ GW approximation:

Γ
1′

1
≈

1′

1

16 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Density Functional Theory at finite temperature

17 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Density Functional Theory at finite temperature
Generalization for T 6= 0 of Hohenberg–Kohn theorems (1964):

17 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Density Functional Theory at finite temperature
Generalization for T 6= 0 of Hohenberg–Kohn theorems (1964):

◮ From the energy E[ψ] = 〈ψ|Ĥ|ψ〉
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1−1!−−−→ u(x)→ Ĥ → ρ̂→ Ω[n(x)]

◮ Minimization condition: δΩ[n(x)]
δn(x)

∣

∣

∣

n=n∗
= 0

◮ Mermin decomposition: Ω[n(x)] = F [n(x)] +
∫

d3x n(x)u(x)

↓
◮ Kohn–Sham approach: F [n(x)] = Ffree + EH + Fxc:

◮ EH [n(x)] = e2

2

∫

d3xd3y
n(x)n(y)
|x−y|

“Hartree mean field”.

17 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Density Functional Theory at finite temperature
Generalization for T 6= 0 of Hohenberg–Kohn theorems (1964):

◮ From the energy E[ψ] = 〈ψ|Ĥ|ψ〉
→֒ to the thermodynamic potential Ω[ρ̂] = Tr

[

ρ̂
(
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exchange–correlation potential.
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Moreover it is possible to prove that:
◮ If the source is real, n∗ is a minimum (W is concave, Γ is convex).
◮ The Mermin decomposition holds: Ω[n(x)] = F [n(x)] +

∫

d3x n(x)u(x).
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Z =
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ϕ(x)(− 1
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∇2)ϕ(x)+ψ̄(x)
(
k(x)+ieϕ(x)

)
ψ(x)

]
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Integrate over fermion fields:
obtain an effective bosonic theory!
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(gaussian Berezin–integral:
∫
∏

k dθ̄kdθke
−θ̄iAijθj = detA =
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∫
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β
Tr ln(−G−1
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∑

i niǫi − TSs − µN
◮ Price: really difficult interaction term!
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◮ Fxc and uxc are not independent quantities: uxc(x) = δFxc/δn(x)
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◮ The Sham–Schlüter equation holds
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vacuum diagrams.
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◮ The Sham–Schlüter equation holds
◮ Non–trivial first–order expansion: exchange “Fock” contribution:

F
(1)
xc ≡ Ex = −
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|x − y|
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◮ Besides: besides RPA as far as the interaction is concerned,
besides One–Loop–Expansion as far as the integral is concerned...
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◮ Clifford algebra: introduce a derivative: ∂
∂θi

θj = δij
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