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Path integral formulation for Z = Tr [e‘ﬁ(ﬁ_“’v)].
Diagrammatic theory: G, U, ¥*, I1*, T,
Derivation of Hedin equations.

Riformulation of density functional theory at finite temperature (Mermin
1965) in a path integral approach.
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Goals and overview

» Path integral formulation for Z = Tr [e‘ﬁ(ﬁ_“’v)].

» Diagrammatic theory: G, U, ¥*, I1*, T.
» Derivation of Hedin equations.

» Riformulation of density functional theory at finite temperature (Mermin
1965) in a path integral approach.

» Functional expression for Fyc[n(x)].
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The system: the electron gas

» Hamiltonian: NN interacting electrons in an external potential u(x) (atoms,
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Both theories find a natural and elegant riformulation in the functional integral
formalism, for T' = 0 and for T" # 0 as well.
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Grand canonical ensemble (T, V, u): partition function Z: BoEA
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Grand canonical ensemble (T, V, u): partition function Z:

Z(T,V,p) = Tr [e*ﬁ(ﬁ*uﬁ)]
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transition amplitude (QM)
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» Dressed Interaction (~ boson propagator):
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Linear coupling with external sources 7y (), 70 (), p(x) (Schwinger, ‘50): Hedin equations
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» Z[n,m, p| is the generator of the proper Green'’s functions.
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» Dressed Interaction (~ boson propagator):

82
Uzsa') = g@(x)w(ﬂﬁ’»z = o' NS T

Linear coupling with external sources 7y (), 70 (), p(x) (Schwinger, ‘50): Hedin equations
fields become derivatives...
zinmpl= [ DB Dl DlpleH{SHSonsinmel)
Suorg = [ 410 @) (@) + Fa (@)1 () + ico(@)p(@)]

R §®z[n,n, p]
Z 6ﬁ01 (1)67101/ (1,)
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Goor(z52') = —

» Z[n,m, p| is the generator of the proper Green'’s functions.
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connected Green'’s functions.
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» Dressed Interaction (~ boson propagator):

82
Uzsa') = g@(x)w(ﬂﬁ’»z = o' NS T

Linear coupling with external sources 7y (), 70 (), p(x) (Schwinger, ‘50): Hedin equations
fields become derivatives...
zinmpl= [ DB Dl DlpleH{SHSonsinmel)
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R §®z[n,n, p]
Z 6ﬁ01 (1)67101/ (1,)
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Goor(z52') = —

» Z[n,m, p| is the generator of the proper Green'’s functions.

> Z[n,m,pl = e~ FWImmel Wi, n, p] is the generator of the
connected Green'’s functions.
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with ¢c(z) = (¢(z)) z, ..., that is performing a Legendre transform on W
— T[4, ., @.] is the generator of the 1PI Green'’s functions.
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Schwinger—Dyson equations — Hedin equations

Z [, 0] = / D[] D[] D] e~ {5+ Sworslnmel}

Infinitesimal shift of the fields — Z [}, n, p] doesn’t change!
— Schwinger-Dyson equations ('50):
equations of motion for
the generating functionals.

> Shift of the field o (2): o (@) — Do () + 500 ()

Sotd —> Sota + [ do 565 (2) [(50) + ot} o @) 410 0)]
k(x,7) = h2 — %VQ +u(x) —p
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Infinitesimal shift of the fields — Z [}, n, p] doesn’t change!
— Schwinger-Dyson equations ('50):
equations of motion for
the generating functionals.

» Shift of the field ’l/_)g (x) ’LZJG- ((E) — ’lZ)g (Z) + 61;0(1) Hedin equations

Sotd — Sota + [ do 535 () [(50) + ot} o @) 410 0)]
k(x,7) = h2 — %VQ +u(x) —p

oT 2
%% %% 5w
T —h o(x) =
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» Shift of the field p(z): ¢(z) — ¢(x) + dp(x)
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» Begin with Schwinger-Dyson equation:
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» Begin with Schwinger-Dyson equation:

W W §@w
b0 + | S e (1) = 0
{ op(1)] oM (1)  6p(1)670 (1)
» Derivative w.r.t. external source (G;1/ = —EwW!2 with sources to 0):

ninys
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» Begin with Schwinger-Dyson equation: IN THE

PATH—INTEGRAL

6W 6W 5(2)W FORMALISM
b + | S W (1) =0
{ op(1)] oM (1)  6p(1)670 (1)
» Derivative w.r.t. external source (G;1/ = —hW%)nl, with sources to 0):
|:k(1) + ie(pd(l)] go‘o'/(L 1/) - h%(l)gaa/(L 1/) = —hégaxé(l — 1/) Hedin equations
P
5§21 (0)
> Using k(1)6(1 = 1) = ——— —_andT;, — [V — _p5*:
9 k(1)s( ) Spel (1)dypet(17) Pip D)
1 e
(1,2 (2,1 4+ ——G, o (1,17) —i—c (1 /(1,1) =0
201 2DGper (1) + 55 G0t (1,1) = 1767 (Go0r(1,1)

» Apply functional inverse (again W'*) 12— 5 4):

M1M27 4horps
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POTENTIAL

» Begin with Schwinger-Dyson equation: IN THE
6W (SW 5(2)W FORMALISM
k(1) + :| — - — +ns(1)=0 Marco Vanzini
{ op(1)] oM (1)  6p(1)670 (1)
» Derivative w.r.t. external source (G, = —hwfi)n , with sources to 0):
|:k(1) + ie(PCI(l)] go‘o'/(L 1/) - hmgaa/(l, 1/) = —h6m,/5(1 — 1/) Hedin equations
P

S@T(0)

> Using k(1)é(1 — 1) = —W

_ o) _ .
and pr Fww —hX*:

Sp (1L DG (1) + = Gogr(1,1) = i5 0 (16,01 (1,1) = 0

5 (1) o'cr

» Apply functional inverse (again w @ = —d13):
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» Begin with Schwinger-Dyson equation: IN THE
W1 sw s@w
b0 + | S e (1) = 0
{ op(1)] oM (1)  6p(1)670 (1)
» Derivative w.r.t. external source (G, = —hwfi)n , with sources to 0):
|:k(1) + ie@d(l)] go‘o'/(L 1/) - hmgaa/(l, 1/) = —h6m,/5(1 — 1/) Hedin equations
P
§(2)1(0)
» Using k(1)6(1-1)=—-—————andI'; r® — _pw
9 k(1)é( ) 6wcl(1)§¢cl(1/) v T T e
4 e
S (1,2)G,,/(2,1) + ——Go(1,1') — i (1 (1,1) =0
71 DGp0r (1) + 505 G (1) = i (DG (1, 1)

» Apply functional inverse (again w @ = —d13):
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» Hedin equation for the proper self-energy =% , (1, 1):
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» Hedin equation for the proper self-energy =% , (1, 1): AT TESR A
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Marco Vanzini

1
(1,1) = 550015(1 - 1up (1) +35, ,(1,1)

“
oo’
> Hartree insertion (tadpole):

EUH(I /d2 Uo(1,2)Gpp (2, 2t )
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» Exchange-correlation term:

. 1
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» Exchange-correlation term:

. 1
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» Hedin equation for the proper polarization IT* (1, 1’):
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» Hedin equation for the proper polarization IT* (1, 1’): PATTIEERLL
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» Hedin equation for the proper polarization IT* (1, 1’):
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» Hedin equation for the dressed vertex T, (1, 2, 3):
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» Hedin equation for the proper polarization IT* (1, 1’):

T (1,1') = %gwu,z)gw,(z', 1,22, 1)
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» Hartree—Fock approximation:
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» Hartree—Fock approximation:
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» Random-Phase approximation:
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» Hartree—Fock approximation:

1/

» Random-Phase approximation:

—_

» GW approximation:
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Density Functional Theory at finite temperature
Generalization for T' # 0 of Hohenberg—Kohn theorems (1964):
» From the energy E[+)] = (| H|v)
< to the thermodynamic potential Q[] = Tr [ﬁ (H —uN +

» From the minimum condition for the energy E[¢g] < E[]
— to the minimization of the potential Q[p4.] < Q[p]
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Density Functional Theory at finite temperature
Generalization for T' # 0 of Hohenberg—Kohn theorems (1964):
» From the energy E[+)] = (| H|v)
< to the thermodynamic potential Q[] = Tr [ﬁ (H —uN +
» From the minimum condition for the energy E[¢g] < E[]
— to the minimization of the potential Q[p4.] < Q[p]

» Mermin theorem (1965):
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Density Functional Theory at finite temperature
Generalization for T' # 0 of Hohenberg—Kohn theorems (1964):

» From the energy E[+)] = (| H|v)
< to the thermodynamic potential Q[] = Tr [ﬁ (H —uN +

» From the minimum condition for the energy E[¢g] < E[]
— to the minimization of the potential Q[p4.] < Q[p]

» Mermin theorem (1965):

n(x) 2 u(x) = B = p— Qn(x)]
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Density Functional Theory at finite temperature Ao Kormr-Srame

Generalization for T' # 0 of Hohenberg—Kohn theorems (1964): A

PATH—INTEGRAL

» From the energy E[] = (| H|v)

< to the thermodynamic potential Q[] = Tr [ﬁ (H —uN + 5ln f))]

» From the minimum condition for the energy E[¢g] < E[]
— to the minimization of the potential Q[p4.] < Q[p]

» Mermin theorem (1965):

1—1! ~ N Density Functional
n(x) — u(x) - H — p — Q[n(x)] Theory
> Minimization condition: %&’;)] =0
n=n*




Density Functional Theory at finite temperature
Generalization for T' # 0 of Hohenberg—Kohn theorems (1964):
» From the energy E[+)] = (| H|v)
< to the thermodynamic potential Q[] = Tr [ﬁ (H —uN + 3

» From the minimum condition for the energy E[¢g] < E[]
— to the minimization of the potential Q[p4.] < Q[p]

» Mermin theorem (1965):
n(x) 2 u(x) = B = p— Qn(x)]

3Q[n(x)]

Sn(x) =0

n=n*

> Minimization condition:

> Mermin decomposition: Q[n(x)] = F[n(x)] + [ d*z n(x)u(x)
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Density Functional Theory at finite temperature
Generalization for T' # 0 of Hohenberg—Kohn theorems (1964):

» From the energy E[] = (| H|v)

< to the thermodynamic potential Q[] = Tr [ﬁ (H —uN + 5ln f))]

» From the minimum condition for the energy E[¢g] < E[]
— to the minimization of the potential Q[p4.] < Q[p]

» Mermin theorem (1965):
n(x) 2 u(x) = B = p— Qn(x)]

3Q[n(x)]

Sn(x) =0

n=n*

> Minimization condition:

> Mermin decomposition: Q[n(x)] = F[n(x)] + [ d*z n(x)u(x)

+
» Kohn-Sham approach: F[n(x)] = Ffree + Ex + Fre:
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Density Functional Theory at finite temperature
Generalization for T' # 0 of Hohenberg—Kohn theorems (1964):

» From the energy E[] = (| H|v)

< to the thermodynamic potential Q[] = Tr [ﬁ (H —uN + 5ln f))]

» From the minimum condition for the energy E[¢g] < E[]
— to the minimization of the potential Q[p4.] < Q[p]

» Mermin theorem (1965):
n(x) 2 u(x) = B = p— Qn(x)]

3Q[n(x)]

Sn(x) =0

n=n*

> Minimization condition:

> Mermin decomposition: Q[n(x)] = F[n(x)] + [ d*z n(x)u(x)

+
» Kohn-Sham approach: F[n(x)] = Ffree + Ex + Fre:

> Exn(x)] = % fd%dsy"?%";‘y) “Hartree mean field”.
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Density Functional Theory at finite temperature Ao Kormr-Srame

Generalization for T' # 0 of Hohenberg—Kohn theorems (1964): A
PATH—INTEGRAL
» From the energy E[+)] = (| H|v) FeRE
< to the thermodynamic potential 2[3] = Tr [ﬁ (H —uN+ 5 f))] aree venan
» From the minimum condition for the energy E[¢g] < E[]
— to the minimization of the potential Q[p4.] < Q[p]
» Mermin theorem (1965):
1—1! ~ Density Functional
n(x) — u(x) - H — p — Q[n(x)] Theory
> Minimization condition: %&’;)] =0

> Mermin decomposition: Q[n(x)] = F[n(x)] + [ d*z n(x)u(x)
1
» Kohn-Sham approach: F[n(x)] = Ffree + Ex + Fre:
> Exn(x)] = % fd%dsy"?%";‘y) “Hartree mean field”.

3Fzc[n(x)]
sn(x)

> uge(x) = exchange—correlation potential.




Density Functional Theory at finite temperature
Generalization for T' # 0 of Hohenberg—Kohn theorems (1964):

» From the energy E[] = (| H|v)

< to the thermodynamic potential Q[] = Tr [ﬁ (H —uN + 5ln f))]

» From the minimum condition for the energy E[¢g] < E[]
— to the minimization of the potential Q[p4.] < Q[p]

» Mermin theorem (1965):
n(x) 2 u(x) = B = p— Qn(x)]

3Q[n(x)]

» Minimization condition: S

=0

> Mermin decomposition: Q[n(x)] = F[n(x)] + [ d*z n(x)u(x)
+
» Kohn-Sham approach: F[n(x)] = Ffree + Ex + Fre:

> Exn(x)] = % fd%dsy"?%";‘y) “Hartree mean field”.

3Fzc[n(x)]
sn(x)

> uge(x) = exchange—correlation potential.

Q=" niei = TS = N — Enln(x)] - /d% () uze (%) + Foe[n(x)]

(n(x) = n*(x))
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Density Functional Theory: functional approach e

External source linearly coupled to the density (vs. coupling source/field): IN THE

e EWIe) /D ] D[] D[] e~ K15+ do (@) 0 (@) ()]
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Density Functional Theory: functional approach

External source linearly coupled to the density (vs. coupling sourceffield):

e EWIe) /D () D [#] D [ap] e~ RIS+ 4o 0(@)do (@) ()]

» Thermal expectation value of the density:

@ _owie)
n(e) = G)pE)o = Fos
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Density Functional Theory: functional approach
External source linearly coupled to the density (vs. coupling sourceffield):

c—Ewie] _ /D () D [#] D [ap] e~ RIS+ 4o 0(@)do (@) ()]

» Thermal expectation value of the density:

o _owie)
n(z) = (Y(@)(z))e = 59(z)

» Legendre Transformation: from an external-source—based description to
a density—based description:

T'[n] = W0] - / dz 0(2)Po ()b ()
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Density Functional Theory: functional approach
External source linearly coupled to the density (vs. coupling sourceffield):

e Wil _ /D 0] D[] D[] e~ HIST T 42 00 @10 )]
» Thermal expectation value of the density:

() _owie]

(v = o

» Legendre Transformation: from an external-source—based description to
a density—based description:

T'[n] = W0] - / dz 0(2)Po ()b ()

» Equation of motion for I'":
ol [n]

@) = = )

HEDIN EQUATIONS
AND KOHN—SHAM
POTENTIAL
IN THE
PATH—INTEGRAL
FORMALISM

Marco Vanzini

DFT & path-integral




Density Functional Theory: functional approach
External source linearly coupled to the density (vs. coupling sourceffield):

c—Ewie] _ /D () D [#] D [ap] e~ RIS+ 4o 0(@)do (@) ()]

» Thermal expectation value of the density:
_ oW 6
(a) = (@i = T

» Legendre Transformation: from an external-source—based description to
a density—based description:

T'[n] = W0] - / dz 0(2)Po ()b ()

» Equation of motion for I'":
ol [n]

@) = = )

But our actual system corresponds to 6(x) = 0 (remember Z = e~ 79):

oI [n] _
on(z) lg—o =0
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HEDIN EQUATIONS
AND KOHN—SHAM
POTENTIAL
IN THE

Density Functional Theory: functional approach
External source linearly coupled to the density (vs. coupling source/field)

Lwie] _ /D $] D[] e~ 1[5+ do 0@)bo (@)vo (@)] S

» Thermal expectation value of the density:
_owie]

n(e) = G)pE)o = Fos

» Legendre Transformation: from an external-source—based description to
DFT & path-integral

a density—based description:

T'[n] = W0] - / d 0(z)b () o ()

» Equation of motion for I'":
ol [n]

@) = = )

But our actual system corresponds to 6(x) = 0 (remember Z = e~ 7)
- 3 [n] _ o DFT!
677’(17) n=n*

oI [n]
on(z) lg—o




HEDIN EQUATIONS
AND KOHN—SHAM
POTENTIAL
IN THE

Density Functional Theory: functional approach
External source linearly coupled to the density (vs. coupling source/field)

Lwie] _ /D $] D[] e~ 1[5+ do 0@)bo (@)vo (@)] S

» Thermal expectation value of the density:
_owie]

n(e) = G)pE)o = Fos

» Legendre Transformation: from an external-source—based description to
DFT & path-integral

a density—based description:

T'[n] = W0] - / d 0(z)b () o ()

» Equation of motion for I'":

8T [n]
0(z) = —
@) =%
But our actual system corresponds to 6(x) = 0 (remember Z = e~ 7)
oMn]) S ) — o DFT!
on(z) lg—o () |,y

Moreover it is possible to prove that:




Density Functional Theory: functional approach
External source linearly coupled to the density (vs. coupling source/field)

Lwie] _ /D B] D[] e k15+] 42 0@)F0 @) (2]

» Thermal expectation value of the density:
_owie]

n(e) = G)pE)o = Fos

» Legendre Transformation: from an external-source—based description to

a density—based description:

T'[n] = W0] - / d 0(z)b () o ()

» Equation of motion for I'":

8T [n]
0(z) = —
@) =%
But our actual system corresponds to 6(x) = 0 (remember Z = e~ 7)
OF [r] S ) — o DFT!
on(z) lg—o () |,y

Moreover it is possible to prove that:
» If the source is real, n* is a minimum (W is concave, I is convex)
= Fn(x)] + [ d®z n(x)u(x).

> The Mermin decomposition holds: Q[n(x)]
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Kohn—-Sham Decomposition & path—integral D Ko S

Go back to the path integral form of the grand—canonical partition function: POTENTIAL
2 /D ) D [#] Dl e+ [¢(@) (=55 V2)p(@)+P(@) (k(@) +iep(@)) ¥ ()]

DFT & path-integral




Kohn—-Sham Decomposition & path—integral D Ko S

Go back to the path integral form of the grand—canonical partition function: POTENTIAL
2 /D ) D [#] Dl e+ [¢(@) (=55 V2)p(@)+P(@) (k(@) +iep(@)) ¥ ()]

guadratic form

DFT & path-integral




Kohn—-Sham Decomposition & path—integral
Go back to the path integral form of the grand—canonical partition function:

z= / Dl D [#] D] e | 2P (5@ 0@ (k@) tice @) v)]

guadratic form

i
Integrate over fermion fields:
obtain an effective bosonic theory!
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Kohn—-Sham Decomposition & path—integral
Go back to the path integral form of the grand—canonical partition function:

Z= /D (] D[] D[] o Sz [e@) (— g5 V) e(@)+6 (@) (k@) Hiep () v ()

guadratic form

(gaussian Berezin—integral: 4 . .
I A0 d0ne=14i3% — det A = Integrate over fermion fields:
JT1, d0rdoye 3% = -

= (lndet A _ [Trin4) obtain an effective bosonic theory!
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Kohn—-Sham Decomposition & path—integral
Go back to the path integral form of the grand—canonical partition function:

z = /D | D[] e # e TDe@ 8@ (k@) Hice @) v)]

guadratic form

(gaussian Berezin—integral: 4 . .
[T, dfrdbpe 0140505 — dot A — Integrate over fermion fields:
. k g g

= (lndet A _ [Trin4) obtain an effective bosonic theory!

- /D [] o [/ dw(z)(—g%,ﬁ)w(:c)—hTrln[%(k(x)+ie¢(x))5(x,y)]}
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Kohn—-Sham Decomposition & path—integral
Go back to the path integral form of the grand—canonical partition function:

2 /D | D[] e # e TDe@ 8@ (k@) Hice @) v)]

guadratic form

(gaussian Berezin—integral: - .
[T, dOrdOpe4i% = det A = Integrate over fermion fields:
JT1, d9rdbre 3% = det A =

= (lndet A _ [Trin4) obtain an effective bosonic theory!

- /D [‘P} 8_% [f dwgo(ac)(—g%rv2)<p(a:)—hTr ln[% (k(;c)-&-ieap(m))é(a:,y)ﬂ

o(z) = pu(z) + ¢'(2)
pH((x,7) = —ze/d y

Hartree field
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Kohn—-Sham Decomposition & path—integral
Go back to the path integral form of the grand—canonical partition function:

2 /D | D[] e # e TDe@ 8@ (k@) Hice @) v)]

guadratic form

(gaussian Berezin—integral: - .
[T, dOrdOpe4i% = det A = Integrate over fermion fields:
. k o g -

= (lndet A _ [Trin4) obtain an effective bosonic theory!
- /D (] & F I 0@ (g5 V)o@ n Tein [ (k) Hieo@) sG]

o(z) = pu(z) + ¢'(2)

y,'r) 1 1 6Eq [n(x)]
pH((x,7) = —ze/d y | EUH(X) = ;T(x)
Hartree field Y

_ e,ﬁ‘EH[n(x)] /D[‘P} e*%[fdzw(z)(fﬁvz)ga(z)fiefdzgp(z)n(m)thrln[...]]
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Kohn—-Sham Decomposition & path—integral
Go back to the path integral form of the grand—canonical partition function

HEDIN EQUATIONS
AND KOHN—SHAM
POTENTIAL
IN THE
. _ PATH—INTEGRAL
. /D 1D ] e — % [ de[e(@) (= gk V) (@) 43 (@) (k(2) +iew (@) v ()]
(gaussian Berezin—integral

STl dékde;‘»efé'ﬁ'uief =det A =
= elndet A _ (Trin Ay

guadratic form
i

Integrate over fermion fields:

btain an effective bosonic theory!

)(p(a:) hTrln[%(k(:c)-&-ieap(m))é(a:,y)ﬂ
o) = or(z) +¢'(z)

,T 1 1 6FEg [n(x
pnter) = ie [y (BT = Lun = L 25ER
Hartree field Y

ie  on(x)
— BErIN()] /D [p] e # L dee@)(— 5 v?

DFT & path-integral

)(p(z)fie [ dzp(x)n(xz)—hTrin| ]]
With this shift, a first separation occurs (Z = e~5%):
(remember Kohn—-Sham formula: Q@ = >~ n;e; — T'Ss — uN — Eg — f n

- Uge + Fre)




Kohn—-Sham Decomposition & path—integral
Go back to the path integral form of the grand—canonical partition function

HEDIN EQUATIONS
AND KOHN—SHAM
POTENTIAL
IN THE
1 . 1 2 _ PATH—INTEGRAL
2 /D | D[] e # e TDe@ 8@ (k@) Hice @) v)] -
guadratic form
(gaussian Berezin—integral: 4 . .
[ T1,, dBrdfre=%4ii% = det A = _ Integrate over fermion fields
— (jln det A — u'['r In A)

btain an effective bosonic theory.'

1 2 1 :
_ /,D [‘P} 7 [f dwgo(ac)(—g—v )(p(m)—hTrln[ﬁ (k(;c)-&-zeap(m))é(a:,y)ﬂ
w(x) = pu () +¢'(2)

1
v (x,7) = —ze/d y ny. 1)

DFT & path-integral
= o = 2
Hartree field -y
— ABErnx)] / Dlg] e~ kI due(@)(~ g V2

)(p(z)fie [ dzp(xz)n(xz)—hTrlnl. ]]
With this shift, a first separation occurs (Z = e~5%):
(remember Kohn—-Sham formula: Q@ = >~ n;e; — T'Ss — uN — Eg — f n

- Uge + Fre)

2n(0) =~ [n60] ~ 51n [ Dl [ awer=grooco

—ie fdrcp(T)n(r) hTr ln[ (k(r)+z< an(r)-Hmp(q))(s(r y)]]




Kohn—-Sham Decomposition & path—integral
Go back to the path integral form of the grand—canonical partition function

HEDIN EQUATIONS
AND KOHN—SHAM
POTENTIAL
IN THE
1 . 1 2 _ PATH—INTEGRAL
2 /D | D[] e # e TDe@ 8@ (k@) Hice @) v)] -
guadratic form
(gaussian Berezin—integral: 4 . .
[ T1,, dBrdfre=%4ii% = det A = _ Integrate over fermion fields
— (jln det A — u'['r In A)

btain an effective bosonic theory.'

1 2 1 :
_ /,D [‘P} 7 [f dwgo(ac)(—g—v )(p(m)—hTrln[ﬁ (k(;c)-&-zeap(m))é(a:,y)ﬂ
w(x) = pu () +¢'(2)

1
v (x,7) = —ze/d y ny. 1)

DFT & path-integral
= o = 2
Hartree field -y
— ABErnx)] / Dlg] e~ kI due(@)(~ g V2

)(p(z)fie [ dzp(xz)n(xz)—hTrlnl. ]]

With this shift, a first separation occurs (Z = e~5%):
(remember Kohn—-Sham formula: Q@ = >~ n;e; — T'Ss — uN — Eg — f n

- Uge + Fre)

2n(0) =~ [n60] ~ 51n [ Dl [ awer=grooco

—ie fdrcp(T)n(r) hTr ln[ (k(r)+z< an(r)-Hmp(q))(s(r y)]]
Price for Eg: more difficult interaction term!




Kohn—-Sham Decomposition & path—integral D Ko S

IN THE
PATH—INTEGRAL

_% [f d;cgp(x)(—g%n_vz)s@(ft)ﬂ- FORMALISM

Qn(x)] = —Fx [n(x)] - %m [iele

—ie [ dao(z)n(z)—hTrin [% (k(z)+ieng (z)) 5(z,y)+iew(z)5(z,y)]]

DFT & path-integral




Kohn—-Sham Decomposition & path—integral D Ko S

IN THE
PATH—INTEGRAL

_% [f d;cgp(x)(—g%n_vz)s@(ft)ﬂ- FORMALISM

Qn(x)] = —Fx [n(x)] - %m [iele

—ie [ dao(z)n(z)—hTrin [% (k(z)+ieng (z)) 5(z,y)+iew(z)5(z,y)]]

—G5 ()

DFT & path-integral




Kohn—-Sham Decomposition & path—integral D Ko S

IN THE
PATH—INTEGRAL

_% [f d;cgp(x)(—g%n_vz)s@(ft)ﬂ- FORMALISM

Qn(x)] = —Fx [n(x)] - %m [iele

—ie [ dao(z)n(z)—hTrin [% (k(z)+ieng (z)) 5(z,y)+iew(z)5(z,y)]]

Gy (@, y)= nu(x) # n(x)

Solution: add and remove a
new field . (x) with
the following property:

Ors(z, x+) = G(x, x+) DFT & path-integral




Kohn—-Sham Decomposition & path—integral

-+ [f dee(@)(— 5= V) e (@) +

Qn(x)] = —Fx [n(x)] - %m [iele

—ie [ dao(z)n(z)—hTrin [% (k(z)+ieng (z)) 5(z,y)+iew(z)5(z,y)]]

—G5" (@, )= ny (x) £ n(x)

Solution: add and remove a
new field . (x) with
the following property:

Grs(z,zt) =Gz, ™)

3 [J ae@) (- 7)o@+

= — By [n(x)] - %ln [iele

—ie [ dap(x)n(z)—hTrin [791??9 (z,y)+ie (Lp(ac)—g:mc(ac)) 6(x,y)]]
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Kohn—-Sham Decomposition & path—integral

-+ [f dee(@)(— 5= V) e (@) +

Qn(x)] = —Fx [n(x)] - %m [iele

—ie [ dao(z)n(z)—hTrin [% (k(z)+ieng (z)) 5(z,y)+iew(z)5(z,y)]]

—G5" (@, )= ny (x) £ n(x)

Solution: add and remove a
new field . (x) with
the following property:

Grs(z,zt) =Gz, ™)

3 [J ae@) (- 7)o@+

1
= By ) = 5 [ Dlgle
—ie [ dap(x)n(z)—hTrin [7ggg(x,y)+ie(Lp(ac)—g:mc(ac))é(x,y)]]

S (x)
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Kohn—-Sham Decomposition & path—integral

Q[n(x)] = —Eg [n(x)] — l ln/D [©] 6_% [f d:ctﬂ(x)(—g%rvz)so(w)ﬁ—

—ie [ dao(z)n(z)—hTr ln[ (k(z)+zeng(z))5(z y)+iep(xz)d(x, y)]]

Gy (@, y)= nu(x) # n(x)

Solution: add and remove a
new field . (x) with
the following property:

Grs(z,zt) =Gz, ™)

= By [n(x)] - %1“/ Dlgje LI @& Tew

—ie [ dup(@)n(e)~hTrIn[ <Gk (e0) bie (0 (0)—pae @) 2(0)]
)
1
— By [n(x)] - 3 Trin(-Gich) - /d31: n(x)uze(x) +

__ ID/D[LP] fdxtp(x)( L V) p(a)+h 0, ()" T"[gks&p] n,]
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Kohn—-Sham Decomposition & path—integral

Q [’I’L(X)] B [’I’L(X)] _ l ln/D [‘P] 6_% [f d;ccp(ac)(—g%n_vz)go(m)-!—

—ie [ dao(z)n(z)—hTr ln[ (k(z)+zeng(z))5(z y)+iep(xz)d(x, y)]]

G (2, y)— nm (x) # n(x)
Solution: add and remove a
new field . (x) with
the following property:
Grs(z,zt) =Gz, ™)

= B [n(x)] - %1“/ Dlg et @)@

—ie [ dap(x)n(z)—hTrin [791??9 (z,y)+ie (Lp(ac)—g:mc(ac)) 6(x,y)]]

S (x)

— By [n(x)] - %Trln(—gl_(ls) . /d31: (%) uze(x) +

__ ID/D[LP] fdxtp(x)( L V) p(a)+h 0, ()" T"[gks&p] n,]

» The very last step:
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Kohn—-Sham Decomposition & path—integral

Q [TI/(X)] = —Eg [TI/(X)] _ l IH/D [SO] 6_% [f dm%(w)(—#vz)¢($)+

—ie [ dao(z)n(z)—hTr ln[ (k(z)+zeng(z))5(z y)+iep(xz)d(x, y)]]

G (2, y)— nm (x) # n(x)
Solution: add and remove a
new field . (x) with
the following property:
Grs(z,zt) =Gz, ™)

= —Ep [n(x)] - %IH/DM [ e (- e+

—ie [ dup(@)n(e)~hTrIn[ <Gk (e0) bie (0 (0)—pae @) 2(0)]
)
1
— By [n(x)] - 5 Trin(-Gick) - /d31: n(x)uze(x) +

_ ID/D[QD] fdxtp(ac)( 1 2)(‘0(36)_Hr e, L ( ;)n TT[QKS&P] n,:|

» The very last step: —= Trln( gKS) >inieg —T'Ss —
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Kohn—-Sham Decomposition & path—integral

Q [TI/(X)] = —Eg [TI/(X)] _ l IH/D [SO] 6_% [f dm%(w)(—#vz)¢($)+

—ie [ dao(z)n(z)—hTr ln[ (k(z)+zeng(z))5(z y)+iep(xz)d(x, y)]]

—G5" (@, )= ny (x) £ n(x)

Solution: add and remove a
new field . (x) with
the following property:

Oks(z,at) =Gz, 2™)

= —Ep [n(x)] - %IH/DM [ e (- e+

~ie [ dep(@)n(a)—hTr ln[791213(’C’y)+ie(<P(x)*<ﬂmc(x))5(x,y)]]
Sp(x)
1
=—FEy [n(x)] ~3 Trin(-Gry) — /d% () tme (x) +
_ ln/D [SD] fdxtp(ac)( 1 2)(‘0(36)_Hr e, L ( ;)n T [gl<s5<ﬂ] n,:|

» The very last step: —= Trln( gKS) >inieg —T'Ss —
» Price: really difficult |nteractlon term!
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Exchange—Correlation Free Energy e
» On the one hand: Path integral expression for Q: SOTENTAL

1 1 [ ] IN THE
Qn(x)] = Z nie; —TSs—puN—Epg [n] —/ n-Upe — E In / Dlple R PATH-INTEGRAL
i x

FORMALISM

DFT & path-integral




Exchange—Correlation Free Energy e

» On the one hand: Path integral expression for Q: POTENTIAL
1 1. A
Q)] =D nici =TSs —puN — Bu [n] = /x ntge =2 In / Dgle " [-] " Forution
k2

» On the other hand: Kohn—Sham expression for Q:
Qn(x)] = Zniei —TSs — uN — Eg [n] — / n - Uge + Fye [n(x)]

x

DFT & path-integral




Exchange—Correlation Free Energy
» On the one hand: Path integral expression for 2:

1
Q [n(x)] anel TSs—uN—Eg [n]f/n»uuféln/D[ap]e ﬁ[]
» On the other hand: Kohn—Sham expression for Q:

Q[n(x)] Z nie; —TSs — uN — Eg [n] — / n - Uge + Fye [n(x)]

x

A comparison glves.

e — [ Dyl 3 [J dzet@) (- & V)o@ +n o3, £ ()" e[onesde] "]

Exact form of the exchange—correlation free energy!
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Exchange—Correlation Free Energy
» On the one hand: Path integral expression for 2:

Q [n(x)] anel TSs—puN—Eg [n]f/n»uuféln/D[ap]ei%[m]

» On the other hand: Kohn—Sham expression for Q:
Q[n(x)] Z nie; —TSs — uN — Eg [n] — / n - Uge + Fye [n(x)]

x

A comparison glves.

~BFue _ /D[ 1) dmo@)(- & v)o@ren iz, (%)™ Te[oxsoe]"]

Exact form of the exchange—correlation free energy!

Moreover it is possible to prove:
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» The cluster—-decomposition-theorem holds: F... is made up of only fully connected
vacuum diagrams.
> F,. and uz. are not independent quantities: wy.(x) = § Fyc/dn(x)
The Sham-Schliter equation holds
» Non-trivial first—order expansion: exchange “Fock” contribution:
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> Besides: besides RPA as far as the interaction is concerned,
besides One-Loop—-Expansion as far as the integral is concerned...
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For example:

H/d@dee Aij% = det A

* *
dz;dz; zf Az —

1
2mi © T 7 det A)

(while in the bosonic case one has [}, [
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T

new interaction term (QED)
> In this way no more than just quadratic forms!
> Price: a new bosonic field appear...

> Lint = ieﬁa(xv T) Zo’ 1;0 (xj T)wo (xv T)
Loep = ecAu(X,t) 3 ., Ya (X, )VE, Yp(x, 1)
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