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Ĥφ
(k)
σ1...σN (x1...xN ) = Ekφ

(k)
σ1...σN (x1...xN )

4 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

The system: the electron gas
◮ Hamiltonian: N interacting electrons in an external potential u(x) (atoms,

molecules, solids, ...):
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DFT:
φj(x)

MBPT:
{ψ̂(x), ψ̂†(y)} = δ(x− y)

︸ ︷︷ ︸

Both theories find a natural and elegant riformulation in the functional integral
formalism, for T = 0 and for T 6= 0 as well.
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→֒ 〈φ| Â |ψ〉 =
∫

dqdq′φ∗(q) 〈q| Â |q′〉ψ(q′)
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Ĥt|x0〉

transition amplitude (QM)
→֒ t →

(

t
N
, ..., t

N

)

→֒ 〈φ| Â |ψ〉 =
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→֒
∫

dq|q〉〈q| =
∫

dp|p〉〈p| = 1̂

→֒ K(p̂) |p〉 = K(p) |p〉, V (q̂) |q〉 = V (q) |q〉

7 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Construction of the path–integral: coherent states
Grand canonical ensemble (T, V, µ): partition function Z:

Z(T, V, µ) = Tr
[

e−β(Ĥ−µN̂)
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In the second quantization formalism, Ĥ − µN̂ is written in terms of
normal–ordered creation and annihilation operators, ψ̂†

i ψ̂i or ψ̂†
i ψ̂

†
j ψ̂j ψ̂i:
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◮ Coherent States: eigenstates of the annihilation operator:

ψ̂σ(x)|ψ〉 = ψσ(x)|ψ〉
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Feynman phase–space path integral (QM)

In the second quantization formalism, Ĥ − µN̂ is written in terms of
normal–ordered creation and annihilation operators, ψ̂†
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i ψ̂

†
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◮ ψσ(x) must be a Grassmann number:
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→֒ 〈φ| Â |ψ〉 =
∫

dqdq′φ∗(q) 〈q| Â |q′〉ψ(q′)
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Last step: letting N approach∞:
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Last step: letting N approach∞: continuum limit: ψ(k)
σ (x)→ ψσ(x, τ)...
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17 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Density Functional Theory at finite temperature
Generalization for T 6= 0 of Hohenberg–Kohn theorems (1964):

◮ From the energy E[ψ] = 〈ψ|Ĥ|ψ〉
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→֒ to the thermodynamic potential Ω[ρ̂] = Tr

[

ρ̂
(
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1−1!−−−→ u(x)→ Ĥ → ρ̂→ Ω[n(x)]

◮ Minimization condition: δΩ[n(x)]
δn(x)

∣

∣

∣

n=n∗
= 0

◮ Mermin decomposition: Ω[n(x)] = F [n(x)] +
∫

d3x n(x)u(x)

↓
◮ Kohn–Sham approach: F [n(x)] = Ffree + EH + Fxc:

◮ EH [n(x)] = e2

2

∫

d3xd3y
n(x)n(y)
|x−y|

“Hartree mean field”.

◮ uxc(x) ≡
δFxc[n(x)]
δn(x)

exchange–correlation potential.

17 / 24



HEDIN EQUATIONS

AND KOHN–SHAM

POTENTIAL

IN THE

PATH–INTEGRAL

FORMALISM

Marco Vanzini

General overview

Many–particle–system

Construction of the
path–integral

Hedin equations

Density Functional
Theory

DFT & path–integral

Conclusions

Density Functional Theory at finite temperature
Generalization for T 6= 0 of Hohenberg–Kohn theorems (1964):

◮ From the energy E[ψ] = 〈ψ|Ĥ|ψ〉
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Moreover it is possible to prove that:
◮ If the source is real, n∗ is a minimum (W is concave, Γ is convex).
◮ The Mermin decomposition holds: Ω[n(x)] = F [n(x)] +

∫

d3x n(x)u(x).
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Z =

∫

D [ϕ]D
[
ψ̄
]
D [ψ] e

− 1
~

∫

dx
[

ϕ(x)(− 1
8π

∇2)ϕ(x)+ψ̄(x)
(
k(x)+ieϕ(x)

)
ψ(x)

]

︸ ︷︷ ︸

quadratic form
↓

Integrate over fermion fields:
obtain an effective bosonic theory!

(gaussian Berezin–integral:
∫
∏

k dθ̄kdθke
−θ̄iAijθj = detA =

= eln detA = eTr lnA)

Z =

∫

D [ϕ] e
− 1

~

[

∫

dxϕ(x)(− 1
8π

∇2)ϕ(x)−~Tr ln
[

1
~

(
k(x)+ieϕ(x)

)
δ(x,y)

]]
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Hartree field
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dxϕ(x)n(x)−~Tr ln[...]]
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With this shift, a first separation occurs (Z = e−βΩ):
(remember Kohn–Sham formula: Ω =

∑

niǫi − TSs − µN − EH −
∫

n · uxc + Fxc)
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Price for EH : more difficult interaction term!
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◮ Besides: besides RPA as far as the interaction is concerned,
besides One–Loop–Expansion as far as the integral is concerned...
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∫

dθ = 0

∫
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For example:
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i=1

∫

dθ̄idθie
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R
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2πi
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∗
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detA
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|E|2 − |B|2
]
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8π [∇ϕ]2
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