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Abstract

In this Master’s thesis, we explore different many-body approximations applied to the simplest
model that can be used to describe interfaces between materials: the asymmetric Hubbard dimer.
We start with effective independent-particle schemes, namely Kohn-Sham Density functional the-
ory (KS DFT), which can be performed without approximation here, and the Hartree-Fock ap-
proximation (HF), both restricted and unrestricted. Then, the GW approximation is presented
and adapted to the model, where G is the one-body Green’s function and W the screened Coulomb
potential. We explored four different flavours of GW: two different independent-particle Green’s
functions and two screened potentials, W, (approximate) and W (exact). Interestingly, the use of
the exact screened potential turned out to give less accurate results than Wy, computed with the
Random Phase Approximation (RPA) and a non-interacting Green’s function. This work is the
first step of a benchmark study of many-body approximations applied for band offset problems in
photovoltaic materials.
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1 Introduction

The development of more efficient renewable energy sources is urgent to tackle the environ-
mental crisis. One of the first that come to mind, solar panels, are based on a technology that was
developed in the 1950’s and is still used today: hetero-junctions of semi-conductors. The idea is
very simple, a photon is absorbed by the main semi-conductor, silicon for instance, producing an
electron-hole pair that is free to move within the material until it reaches the junction. There, a
small shift in the band structure between the two materials is designed such that the electron-hole
pair breaks, creating a current. Thus, the efficiency of a photovoltaic material depends - among
other things - on the energy level alignment of the two materials at the interface, called the band
offset. But behind such a simple mechanism, that we easily interpret within the independent
electron picture, lies the incredibly difficult “Many body problem” that makes band structure and
bare particles not well-defined when correlations become strong. How then to correctly model this
problem, if we want to improve this technology?

Among the different ways used to measure band alignment between two materials, the most
common one is photoemission spectroscopy. The idea is the following: light is first shone at a given
frequency on the first material alone (typically silicon), removing electrons by photoelectric effect.
The kinetic energy of these electrons is then measured, revealing the band structure of the bulk
material. Thin layers of the interface material are then deposited on top, and the photoemission
measurements are repeated each time. Contrary to the valence bands, the core energies are not too
strongly affected during this process, and the measure of their offset allows to deduce the valence
band offset. This is called Kraut’s method, and it is explained in [1].

On the other hand, from the theoretician’s point of view, many strategies are often used to
explore beyond the single-particle picture: Kohn-Sham Density Functional Theory (KS DFT),
Dynamical Mean Field Theory (DMFT), GW approximations, quantum Monte Carlo methods...
Each of these has its own range of validity, which may not be easy to evaluate for real materials.
Specific methods have been developed to adapt these many-body frameworks to the band offset
problem (see for example [2]). A first problem arises: what methods and approximations to use in
order to calculate band offsets in good agreement with the experiments? A second major problem,
which may even be more fundamental, is the following. The very definition of band offsets relies
on the independent-particle picture, while what experimentalists measure, and theoreticians try to
compute, are addition/removal energies, which are fundamentally many-body quantities. There-
fore, is it always possible to define a band offset, and how?

The goal of this internship (followed by a PhD) is to benchmark many different ways to evaluate
band offsets in real systems, in such a way that experimentalists and theoreticians can rigorously
compare their results. We start simple in this thesis by exploring a toy model: the Hubbard dimer.
The great advantage of this model, which is the simplest hetero-junction one can think of, is that
it is exactly solvable, allowing for comparison between the approximate many-body energies to the
exact ones.

In the first section, the theoretical model is presented as well as its exact solutions. Then, an
exact KS DFT study is performed, followed by the HF approximation, constituting the two main
independent-particle schemes. After that, the GW approximation is presented and applied to the
model, using first the approximate W, screened interaction and then the exact one. Finally, the
link with real materials is made through a discussion of band offsets for the Hubbard dimer.



2 The Hubbard dimer model

2.1 The model

The simplest model describing the physics near the junction between two di erent materials
is the asymmetric Hubbard dimer, in which each material is represented by a single site that can
host at most two electrons, due to the Pauli principle. A given electron will then have a kinetic
energy given by a probability amplitudet to hop from one site to the other, as well as an on-site
potential energyyv;, di erent for the two sites. Finally, we consider only local and spin-dependent
electron-electron repulsion of amplitudeéJ, taking into account simultaneously Coulomb force and
Pauli's exclusion principle. The resulting Hamiltonian reads:

X X X
H= t (@i ¢ + h:C)+ U A« Ay + Vi, : (21)

We choose the conventiont2= 1 and v, + v, = 0, leaving only two free parameters, v= v, v;
and U. We will work in the canonical ensemble, where the numbed of electrons is xed. The
symmetric limit  v! 0 as well as the asymmetric one fdd = 1 have been studied in the group,
respectively in [3] and[[4]. In this project, | focused on the half- lled | = 2) asymmetric case.
In the following, we call occupation numbers the quantities; = M;i (i = 1;2), and occupation
dierence n=n; n,.

2.2 Exact eigenenergies

For N =1 and N = 3, the Hilbert space is of dimension 4, andH is easy to diagonalise. For
N = 2, if we impose that the total spin S, is zerd, we also have a four-dimensional Hamiltonian
to diagonalise, and more sophisticated solutions appear. In Tap| 1, the eigenenergies are written
for these three cases, while the eigenstates are written in appendik A.

N =1 N=2 N =3
v s PaEe v BN S 2U roos(+ )] ENR = PaEE v u
eve = Pae v EN2 =0 e = 1A Ve U

Table 1: Exact eigenenergies of the Hubbard dimer model fok = 1; 2; 3, wherez? =9 v? U?
1A%, r2=3 v?+ U2+12t? and cos(3) = Zrz—gu

2.3 Exact one-body Green's function

In principle, all the information about a given many-body system is contained in the many-
body wavefunction, or equivalently in the many-body Green's function, whose equation of motion
Is equivalent to the full Schredinger equation. However, such a quantity contains too much in-
formation, and most observables can be computed from the retarded one-body Green's function

1We are indeed not interested in ferromagnetic systems



Figure 1: Exact spectral functionA(! ) for U =1 and U =5, in the symmetric case v =0.

(1-GF), which is de ned by:

Z.,1  DAh iE
Gj (1)= i de" & ¢ (2.2)

1
where the expectation value is taken at the ground stateand T is the time-ordering operator,
ensuring causality. The 1-GF has a more physical expression in the Lehmann representation (Eq.
2.3), where we clearly see that its poles are the energies needed to add or remove one electron to or

from the system. These are precisely the energies that are measured in photoemission experiments,
and we will call them energy levels in the following.

n

I +i0* (EN=® E,)
JOh=1jd ¥ P go=ti
I i0* (E; EN-1) ’

_ Xho=1jg N® O N=R ) =1
Gy () = =

n=1

(2.3)

n=1

wherej = 1i is the ground state forN = 2, given by Eg. A.6. Thanks to the Lehmann represen-
tation and the exact eigenstates, we can compute exactly each (:omponé}ﬁtz2 (') analytically.
From these we can compute the spectral function, which is an extension of the notion of density
of states in many-body physics:

1 X
Aj )= ZImG; (1) and  A()=  A; (1): (2.4)

i;

The exact spectral function is plotted for v = 0 and two di erent values of U in Fig.1. The

2The same notation can be used to de ne the 1-GF at non-zero temperature. In this thesis, we will always
considerT = 0.



two main peaks are called quasi-particle peaks and their position correspond to the energies of
adding / removing one electron. The two lower peaks are called satellites and are excitations due
to electron-electron interactions. We can note that, as expected in the symmetric case = 0,
the spectral function is symmetric around v = 3.

Finally, the 1-GF is solution of the equation of motion Eq. B.1, in which the second term
de nes the self-energy , an object that e ectively takes into account the electronic correlations.
, G and Gy, the non-interacting 1-GF (which is the 1-GF forU = 0) are linked by Dyson's
equation (written here in an arbitrary basis):

Gl=G,t+ (2.5)

3 Exact Kohn-Sham study

Kohn-Sham density functional theory (KS DFT) is a very common tool which is widely used
to quickly compute the band structure of materials. It is said to be arab initio method since
it starts with the real fundamental Hamiltonian of the system instead of relying on models (such
as the Hubbard one). DFT is based on the Hohenberg{Kohn [5] theorems which state that all
observables can be expressed as a functional of the electronic ground state demgity. The genius
idea by Kohn and Sham [6], that makes DFT a very useful framework, is then to substitute the
real system by a non-interacting one that provides the same density. In that sense, the KS scheme
IS exact.

In our discrete model, the density is no longer a function but a set of two numberg and
n, = N ny. Thus, we should rather work with Site-Occupation Function Theory (SOFT), in-
troduced in [7] and applied to the Hubbard dimer in [8]. The main quantities of interest are
summarised in Tab. 2, for both the real and the ctitious systems.

Real system Fictitious KS system

Universal function(al) | F(ny) = E(ny)  V(ny) | F(ny) = Ts(Ny) + Uy (ny) + Ex(ny) + Ec(ny)

External potential % Vs
Electronic density n n
Electron interactions Yes No

Table 2: Summary of the di erences between the real and the ctitious systems

The bridge between the two systems is given by the universal functiongl, which is de ned
by everything in the energy that does not depend on the speci ¢ material (i.e the kinetic and
correlation energies of the electrons). In our case, it can be computed exactly since we know the
ground state energyE; and the external potential energy:

D‘OE \'% \' n v

V(ny) = = Vving + Vpno = 7”1 + 7”2 =

(3.1)



And thus:
F(ni) = Ea(ny) +

with n=2n; N (3.2)

Knowing exactly F is only possible because we already solved the problem exactly, and it
enables us to compute the correlation energfc = F Ts Uy E4. In real systems,F is
unknown, andE. has to be approximated (for instance with the local density approximation).

Since the ctitious system is non interacting, its Hamiltonian is separable into two one-patrticle
Hamiltonians that are the same as the real one fod = 1 (see Eq. A.1), but with e ective on-site
potentials v and v2. The corresponding Kohn-Sham (KS) eigenenergies are thus:

P —
KS = 5 AP VIV (3.3)

where, thanks to theN = 1 useful formula A.4, we nd by inverting the KS equation that vs is
given by?: 2
Vs = p: (3.4)
4 n2

andvs = & + v, with v, = v+ v2. However, KS DFT only xes V. up to a constant. A way to
X that constant is to remark that v; = ‘g% and to use a chain rule:

_ @E
@N m;N =2

Ve (3.5)

The derivative of E; with respect to N is known to be discontinuous at integer values dfl,
and we decide here to evaluate it foN = 2 . This poses a new problem: we need to de ne our
functionals for fractional number of particles (i.e to work in the grand canonical ensemble). As
suggested in [8], the ground state energy and the occupation di erence for fractiodl =1+ !

are: EN = IEN2+(1 1)EN
nN =1 nN =2 +(1 1 ) nN =1 (36)
Numerically inverting the second equation in 3.6 allows us to nd vN( n) for xed N and
n, which combined with the second equation in 3.6 allows us to compuke(N; n) and thus
Vs.
The nal KS energies XS are plotted in Fig. 2 on top of the energy Ievelf(’;'s+1 Eds,
corresponding to the change of energy when adding or removing one electron to khe 2 system
in the ground state (GS). These are the energies that we indeed measure experimentally, and are
the poles of the one-body Green's function, as discussed in Sec. 2.3. According to Koopmans'
theorem for KS DFT, we are supposed to nd that the lower KS energy®S (called HOMO in
the chemistry community, for Highest Occupied Molecular Orbitglis equal to the opposite of the
ionisation energyl = EN=!  E['=2 | i.e the energy cost of removing one electron. This is indeed
veried for U =1 and U = 5 in Fig. 2. The upper KS energy XS (called LUMO, for Lowest

3Actually, inverting A.4 gives two solutions, one of which is negative and the other positive. The negative one
can though be discarded since in the ground state, when n = n; n, > 0, more electrons lie on site 1, thus we
must havevy; <v,,i.e v> 0.



Figure 2: Comparison between the exact energy levels and the HOMO and LUMO KS solutions,
forU=1and U=5

Unoccupied Molecular Orbita) is not supposed to have a physical meaning, but it matches well
the energy for adding one electron for small and/or large v. It is interesting to note that,
despite being exact, the KS scheme does not give exact energy levels (it is indeed only designed to
give the exact GS occupation numbers). Only in the low correlation limit are these eigenenergies
good approximations for the measured energy levels.

In practice, approximations have to be found for computinge., such as the Local Density
Approximation (LDA), leading to less accurate energies.

4 A mean-eld approach: the Hartree-Fock approxima-
tion

In the previous section, we explored the exact KS scheme, which was exact in the sense

that the KS auxiliary system gives the exact ground state occupation number. A fundamentally
di erent approach is to start from the Hubbard Hamiltonian 2.1 and approximate it. A natural
approximation to obtain a separable Hamiltonian that takes into account some interactions in an
e ective way is to model electronic interactions as a mean eld. We expect this approximation to
fail in the large U limit, where a mean- eld approach does not apply anymore.

There are several ways to derive the Hartree-Fock (HF) approximation. One natural way is to
start from the Hamiltonian and re-write the interaction term as:

h hhp (
N« Nz = Nij=Njz + NN NNz + grb( I('m;(h”& I(‘]F&ﬁ) (41)
which gives rise to a single-electron Hamiltonian feeling an e ective potentiaf :
X h [
HH = t(d G41. + ho)+ v with  v& = vi+ Un— (4.2)



(a) Exact solution (b) Restricted HF formula solved self-consistently

Figure 3: n with respect to v both in the exact scheme and the RHF approximation Eq. 4.7

where \H" stands for Hartree. This Hamiltonian is still hard to solve, since it now depends on
ni- and njz. We can rst make the approximation that the local magnetisationm; = n;-  nj
is zero, i.e thatny» = njy = ”7 This is a paramagnetic approximation (since it does not allow
ferro/anti-ferromagnetic solutions), and is called restricted Hartree-Fock (RHF).

4.1 Restricted Hartree-Fock

In this case the single-electron Hamiltonian can be written in the basig' ¢ Oi ; j#;0i ;jO;"i ;]O; #i)

as: 0 1
VvV, + % 0 t 0
RH 0 v+ U 0 t §
™ = % t 0 Vo + % 0 (4.3)
0 t 0 V2+ %

which looks very similar toHN=! (see Eg. A.1) with e ective onsite potentialsv® = v; + UT”
Diagonalising this Hamiltonian gives two degenerate eigenvaldes

RH:@ %p4t2+( ve )2 =) RH

o Pwecwy e

The di culty here is that the energy still depends on the site occupation n, which we have to
calculate for a given v. Since the system is separable within the HF approximation, the ground
state is a Slater determinantj i composed of twice the ground statgi of hR". Thus, we simply

have:
ni=h jiAjj i =2hj M\ji (4.5)

4We call these energiesR", for \Restricted Hartree", instead of RHF. Indeed, a Fock term is to be added when
calculating total energies, which we are not of our interest. However, we will continue referring to this approximation
as Hartree-Fock in the following.



Figure 4. Comparison between the exact energy levels and the HOMO and LUMO RHF solutions,
forU=1and U=5

With, as for the Hubbard dimer with N = 1, the single-electron ground state being:

o e n, = 2cos

ji =cos j";0i +sin jO;"i =) N, = 2sin? (4.6)
Which gives:
S
1 tan? ve 2 ve
n=2 2siF =2 ————— ith n = 1+ 4.7
cos Si TTtan? wit ta > > (4.7)
This last equation is self-consistent sinceve = v 2. We can solve it self-consistently

and we end up with Fig. 3b, that di ers signi cantly from the exact solution (see Fig. 3a) at large
U and small v, i.e in the high-correlation regime.

Finally, as for the exact KS treatment, we can look at the energy leveBY=2 EN=! and
EN= EN=2, and compare them to the restricted Hartree eigenvalues found in Eq. 4.4. Indeed,
according to Koopman's theorem, the Hartree-Fock eigenvalues are addition/removal energies. The
resulting plots are shown in Fig. 4. As for exact KS,R" tend to the exact energy levels at low
U and large v, but fail otherwise. Even though the RHF solutions look very di erent than the
KS ones (the rst being symmetric while the second are very asymmetric), the fundamental gap

+ are about the same, and independent &f, which is remarkable.

A very useful interpretation of the HF solutions is given by Koopman's theorem, according to
which the HF eigenenergies (Eq. 4.4) can be physically interpreted as energy levels. This will be
used in Sec. 7.

4.2 Unrestricted Hartree-Fock

In order to improve the previous results, we can relax the constraimh; = 0, allowing a local
magnetization. According to [8], the ferromagnetic solutionMl = m; + m, = 2) is always less



favourable than the antiferromagnetic oneNl = 0), and we will thus focus on the last one. We
can notice that the Hamiltonian 4.2 is block-diagonal in spin-subspace:

X V5. 1

HH = h™ with h = tovs (4.8)

in the one-electron basisj; i;j2; i). This Hamiltonian is easy to diagonalise, and we nd four
eigenenergies, that are a generalisation of Eq. 4.4:

Ve + VS P -
=B ST A vy (4.9)

UH

that we can re-write in terms ofN, nand m=m; my:

UH

mw— . U
N > 42+ (1 ve )2 with ve = v 2

A C

(n m) (4.10)

In order to compute these energies, we need to known and m for each value of v and U.
Generalising Eg. A.4, and extending it also to the magnetisation, we get:

X Ve X Ve
n= P m = e e (4.11)
442+ (1 ve)? 42+ (1 ve)?

These equations are self-consistent, and we have to solve them numerically, simultaneously for

nand m. We proceed by rst computing the exact expression of n( v; U), and use this value
as an initial guess of n. For the initial value of m, we choose 2, since we want to prioritise the
anti-ferromagnetic solution when it exists (we could have choser?2 as well, the energy would have
been the same). We then iterate Equations 4.11 until convergence. We get Fig. 5, which shows the
existence of two phases for eadh: an antiferromagnetic one for v < v,(U), for which m 60
(spontaneous breaking of symmetry), and a paramagnetic one forv > v.(U), and for which
we recover our previous RHF analysis. This phase transition can be seen as a discontinuity in the
derivative of n.

Finally, as for exact KS and RHF, we plotted in Fig. 6 the HOMO and LUMO energy levels
for UHF compared to the exact energy levels. We clearly see that the corrections av < v,
improve signi cantly the results at U = 5, compared to the RHF solution.

We can interpret the relative success of the paramagnetic and anti-ferromagnetic solutions as
follows. At large v, the two sites are far apart and the two electrons tend to localise on the
same site, despite the Coulomb repulsiod. The Pauli principle ensures that the two electrons
have opposite spins, and thusn; = m, =0, i.,e  m = 0: this explains the paramagnetic phase.
On the contrary, at small v, the electrons delocalise to form a triplet of opposite spins. Then,
m; = myandthus m= 1, which explains the anti-ferromagnetic phase.

5 Beyond Hartree-Fock: the  GoWy approximation

Another way to think of the HF approximation is the following. The self-energy (de ned by
Eg. B.2 or equivalently by Eq. 2.5) is written in this approximation as a Hartree term, describing

10



Figure 5: n and m self-consistently calculated from Eq. 4.11, within the unrestricted anti-
ferromagnetic HF approximation (solid line). The RHF calculation of n is also plotted in dashed-
dotted lines

naively the interaction of one electron with its environment, and a Fock term that corrects the self-
interaction contained in Hartree. We can show that the Fock (or exchange) term reads;, = iGvc,
wherevc is the Coulomb potential.

This point of view allows for a natural generalisation of the HF approximation, by replacing the
Coulomb potential vc in the Fock term by a dynamically screened Coulomb potentidlV. Indeed,
we know that interacting electrons tend to screen themselves, hugely reducing the potential felt
by each individual electron.

5.1 The GgWg approximation

More formally, we show in Appendix B that this dynamically screened HF approximation
amounts to take Hedin's equation (Eq. B.5, B.6, B.7, B.8 and 2.5) at rst order inV, giving rise
to the so-called GW approximation. In particular, we only take into account the rst term of~7in

Eqg. B.6:
1;2;3)= (1,2) (1,3 (5.1)

Thus, according to Eq. B.5, the self-energy becomes:

SW(1;2) = iG(1; 2)WRPA(2;1%) (5.2)

where ~= = IGG and W are respectively the polarisability and the screened Coulomb
potential within the Random Phase Approximation (RPA). We can approximate further and take
a non-interacting Green's functionG, everywhere instead of5, giving rise to the so-calledGoW,
approximation, that we will explore in the following. Doing so, we avoid the self-consistency of
Eg. 5.2. Gy can either be de ned as the 1-GF taken fotJ = 0, or alternatively the 1-GF of an

®As explained in Appendix B, a number denotes a set of coordinates: (1) = (rq;t7; 1).

11



Figure 6: Comparison between the exact energy levels and the HOMO and LUMO UHF solutions,
for U =1 and U = 5. The RHF calculation is also plotted in dashed-dotted lines folJ = 5 (for
U =1 RHF and UHF are indistinguishable)

auxiliary non-interacting system, such as KS or HF. We expect the second two options to be closer
to the exact G, and we will use both of them in our study. Moreover, it will be interesting to
compare the results for each choice &,.

5.2 GeWp in the case of the asymmetric Hubbard dimer at half- lling

We now want to implement this approximation in our model, where the real-space coordinates
will be replaced by sites 1 and 2. In frequency space, the self-energy, the screened Coulomb
potential and the irreducible polarisability become:

Z 4o |
NOEN 2'—ij’ (1 + 19w 9t Y (5.3a)
X
WP(l)=U;+U ~ik o )Wig (1) (5.3b)
. dlk;; 0
~ o(t)= i 2—'65 (" +19G7 o9 (5.3¢)

We can thus compute analytically each component; (! ) for every choice ofGo.

5.3 Practical implementation

The KS Green's function is a non-interacting one, and thus in the bonding / anti-bonding
basis, which is the one-particle eigenstate basis (see Eq. A.2), it reads:

GKS(1)Y=h j&*S(1)j i=! T (5.4)

12



which is spin-independent since the KS eigenvalues are. The Green's function in the site basis is
thus given by the change of basis:

X X L
Gi'ﬁs =h jéKS(! )jj 1= Hhij iGS(I)h jji= ! k_s JiO* (5.5)
where . =h j i isgiven by:
.1 =cos K° ., =sin K° 5.6)
+.1=sin K +.0= cos ks '

and XS is de ned by Eq. A.3, replacing v by vs. The integral expression of 4Eq. 5.3c) can
now be performed analytically, using the residue theorem:

-~ = i i
U (s KS) + j0* ! (KS KS)y jor (5.7)
with o
~ =2( 1) ' co$( *®)sin’( ) (5.8)
The next step is to computeW,, which depends self-consistently oklVo and ~ according to Eq.
5.3b. Wy is spin-independent, and since 7= ~,, = ~;5 = ~, itis easy to nd that:
Ctu? 1 1
0(1) = - ] n
Wihh=Us+( VP55 7 T+vi00 1+7 10 (5.9)
where S
Vs 4tU
D= and = 4t2(1+ D9+ p— 5.10
2t ( ) 1+ D2 ( )

Finally, the self-energy is given by the integral 5.3a that, once again, we can perform analytically
using the residue theorem:

GoW _ Un tu? i I Joviio+g
ijo 0(!)— Tij +—pil _]_+_D2 ( 1) J! (KS |) o +! (ES+I)+iO+ (511)

where the rst term is simply the Hartree term. In this simple form, we directly see that the self
energy in this approximation has two poles.

5.4 GoeW; energy corrections to exact Kohn-Sham

In order to nd the energy levels within the GoW, approximation, we have to solve the Dyson
equation satis ed by the GoWq Green's function:

(GGOWO) 1:(Ggs) 1 ( GoWo VXES (512)

13



and then to nd the poles of the associated spectral function, given by:

AGOWO(! )= EX Im G90W0(! ) (5.13)

In Fig. 7, this GoW, spectral function as well as the exact one (see Sec. 2.3) are plotted in
a short range of frequencies around the HOMO and LUMO levels, forv = 0. Finding these
two poles numerically from Fig. 7 for many values of v is however tedious, and a simpler
(approximate) way is to use perturbation theory.

In the end, we are interested in the energy corrections &yW, with respect to the exact KS
eigenvalues (or the HF ones). Considering VXS as a small perturbation, at rst order in
perturbation theory we get:

GoWo = KS 4 pj Re T GoWoy \’)Xiés ji (5.14)
whereji are the KS eigenstates (we dropped the since these states are spin-independent). This

equation is self-consistent in®*V°, and we can simplify it by linearising with respect to ®®We kS,
as done in [9]:

GoWo = KS 4 7 hj 7 KS) (Ks jj with Z = (5.15)

@|® [

1

KS

This approach leads to the corrections plotted in Fig. 8, where we see th@)W, gives very
good results at lowU (though not as good as the HOMO KS solution, which is exact). At higher
U and low (or intermediate) values of v, GoW, however strongly fails. This means that th&s,W,
approximation only holds in the low correlation regime, which can be understood in the following
way. The real self-energy can be decomposed as =, + s+ . (in our convention, the Hartree
part  is included in Gy), where , is the exchange (or Fock) term and =  Screening 4 local
The GoW, approximation gives rise to SoWo =, + screening \yhjle ocal j5 contained in the ver-
tex corrections (higher terms inW in Hedin's equations). Thus, when the correlations are weak,
electrons delocalise and the screening part of is dominant, while on the contrary strong corre-
lations lead to localisation and thus 1°@ is dominant, explaining the failure ofGoWj in this regime.

We can nally note that for v =0 we indeed nd the same energy corrections on Fig. 8 as
found by looking at the peaks of the spectral function (see Fig. 7). Despite the failure G§W, at
reproducing the shape of the HOMO and LUMO curves, we can note that it gives a good correction
to the fundamental gap . at low v, which was widely underestimated by the KS solutions.

5.5 GoWy energy corrections to the restricted Hartree-Fock approxi-
mation

Just as we tookGK®S for the non-interacting G, previously, we can as well choose the restricted
Hartree-Fock one,GRHF | for the GoW, approximation®. Since it is also a non-interacting Green's

SNote that Gy has to be changed both in the expression G°We = iGyW, and in the calculation of Wj.
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Figure 7: Spectral function of the exact and theGoW, Green's functions with Go = GXS, for
U=1and U=5and v =0. Only a short range of frequency around the HOMO/LUMO peaks

is spanned here.

Figure 8: Comparison between the exact energy levels and the HOMO and LUM&3W, solutions
using approximation 5.15 andG, = GKS, for U = 1 and U = 5. The Kohn-Sham solutions are

also plotted as a comparison

function, it reads just as the KS one:

RHF _ X i i
Gij; = - (5.16)

and Equations 5.6 still hold, but using "™, i.e replacing v by v® in A.3. Thus, Eq. 5.11 for
i (1) holds if we replace ¥s by RHF and kS by RHF.
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Figure 9: Comparison between the exact energy levels and the HOMO and LUM&3W, solutions
using approximation 5.15 andG, = GRHF for U = 1 and U = 5. The RHF solutions are also
plotted as a comparison

Following the same methods as befofewe obtain in Fig. 9 the energy corrections from the
RHF solutions found in Sec. 4.1. These are globally better than the KS ones, especially for
intermediate v U. Even though we expecGX® to be closer to the exaciG, there is no reason
for GoWo (which is a truncation of the Hedin development of at rst order in W) to be better
for GKS than for GHF. Indeed, can be written as an in nite series of G, and v., whatever the
choice ofGy (as shown in [3]), and this series may converge faster when choosing a sim@er
here GF.

6 Beyond GyW,j: using the exact screened interaction W

6.1 Exact reducible polarisability

In real materials, G and W are unknown and can only be approximated. Previously, we saw
how to compute W, within RPA; we could also have computedVRP using the exactG. In the
case of the Hubbard dimer, the exact screened potenti® can actually be computed, leading
to the GoW approximation, which becomes semi-exact in the sense that onfy is approximate
by taking Ge2. It is therefore interesting to compareGoW, and GoW to understand the physics
behind these approximations. This has already been done in [3] in the symmetric case, which
showed that the exact screened interaction gives a worse result the,.

To do so, we compute the reducible polarisability (instead of the irreducible one as before),
de ned by:
. G(1;17)

(1,2) = U@

(6.1)

"Here instead of subtractingV,XS from , we rather want to subtract Vi, the exchange potential.
8The GoW approximation is actually, in a sense, beyondGW . Indeed, according to Hedin's equation for ~Eq.
B.8), the knowledge of the exactW (and thus the exact ~) involves the knowledge of the exact vertex~
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(@) Go = G"® (b) Go = GRF

Figure 10: Comparison between the exact energy levels and the HOMO and LUNBQW solutions
using approximation 5.15, the self-energy given by Eq. 6.8 arg, = GXS or GRHF | for U = 5.
The respectiveGoW, solutions are also plotted as a comparison

which is simply the variation of the electronic density with respect to an external eld. Moreover,
thanks to the relation B.3, we can express in terms of the 1-GF and the 2-GF:

(1;2) =iG,(1;2;17;2") iG(1;17)G(2;27) (6.2)

where the 2-GF is the two-particle Green's function, de ned as:
D h iE
G?(1;2,34= T "(1)"@™4)VE) (6.3)

which, just as the 1-GF, has a simple form in the Lehmann representationV is then given in
terms of by: Z

W(1;2)=ve(1;2)+ d3d4ve(1;3) (3;4)vc(4;2) (6.4)

6.2 GoW in the case of the asymmetric Hubbard dimer at half- lling

In the case of the Hubbard dimer, we nd that reads, in the site-basis and in frequency space:

) 1 1

P s T (€ EDri0 1 +(E, Ep 10

(6.5)

(n)

where the sum runs over the excited states of tH¢ = 2 system, the ;' , are coe cients that we

can compute using theN = 2 eigenstates (see Appendix A):

" o= hjg ¢ jnihnj € of ojli (6.6)
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and the exact screened potentidlV reads:
2X
W;(1)=U; +U i o (6.7)

0

Contrary to what is found in [3], we don't nd W;; = W,,. This was expected due to the
asymmetry of the two sites. We still nd however thatW,, = W,;. Finally, Eq. 5.3 enables us
to compute the self-energy within theGoW approximation, and we nd after integration in the
complex plane:

GOW(I )= ﬂ S +4U°2 X (n) (n) +ii +i + i
' 1 TT(E, Eit 007 I +(E, E; ) 0
(6.8)
where , is de ned by Eq. 5.6, are the KS (or RHF) eigenenergies, and the coe cients; are
de ned by: c .
m_ & 7T & m _ 1+ aa 6.9)
! N1N, 2 N:N, '
with a, = E— and N, the normalisation factor of theN = 2 eigenstates. Comparing Eq.

6.8 with Eq. 5.11, it is striking that has the same structure in both the GoW, and the GoW
approximations.

The linearised solutions at rst order in perturbation theory (given by Eq. 5.15) are plotted
in Fig. 10a for Gy = GXS, and in Fig. 10b forGy = GRHF. As we can see with the naked eye, the
GoW results are worse than theGoW, ones, which is counter-intuitive. This is a generalisation
of the same observation made in [3] for v = 0. It is thus preferable to be consistent in our
approximation (i.e choosing a non-interactings, everywhere) than only approximatingGo in
but using the exactG for computing W. This can be interpreted as follows. When fully taking
into account the vertex corrections (both in the expression of and inW), some terms cancel
out, which is not the case when we only corredV while taking = iGoW. In other words, a
consistent choice of5, everywhere leads to error cancelling and thus gives a better result.

7 Discussion of the band o set in the Hubbard dimer

It is nally interesting to make the link between the Hubbard dimer model and real materials.
When dealing with heterostructures, an important quantity is the band o set, generally the va-
lence one, de ned by the shift of the valence bands of the two materials at the junction. In our
case, instead of bands we only have two energies: the leveéls * EN associated to the addi-
tion/removal of one electron, and it is not trivial to say that each of them is associated to one site,
since the ground states foN = 1;2; 3 are not totally localised, except in the limit v! +1 .

In other words, what we want to de ne a band o set are energy bands (which are local quan-
tities), while what is measured and computed here are many-body addition/removal energies (or
levels), which are global.

We can however take advantage of the analysis of the restricted Hartree-Fock approximation
(see Sec. 4.1), since according to Koopman's theorem, the RHF eigenenerdi€s can be in-
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