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Computational materials design relies to a large extent on the fact that a part of the complicated
interaction contributions is not calculated for the real material, but replaced by results of a model
systems such as the electron gas. We turn this approximation into an in principle exact theory
by introducing the concept of a connector, which is a prescription of how to use the results of the
model system in order to simulate the real system. We set the conditions that must be fulfilled
for the existence of an exact connector. We show that this is a very convenient starting point for
approximations, since a given approximation made on the connector will in general lead to better
and much more stable results than the same approximation made directly on the quantity of interest.
We illustrate our purposes with simple examples.

Computational materials design [1, 2] is complicated
by the complexity of materials on one side and interac-
tion effects on the other side. This hampers both compu-
tation and understanding. Therefore a widely used strat-
egy is to separate the two to some extent, in other words,
to calculate effective independent-particle quantities and
then add interaction corrections [3, 4]. In this way, in-
teraction and system effects are partially disentangled,
which helps both better understanding and quicker calcu-
lation. Examples for such a strategy are self-energy cor-
rections [5–9], or the exchange-correlation kernel in lin-
ear response Time-Dependent Density Functional Theory
(TDDFT) [10–15]. However, even with this partial sep-
aration the objects containing the interaction effects are
complicated to calculate, and have to be approximated.
Widely used approaches such as Many-Body Perturba-
tion Theory (MBPT) [16, 17] have proposed successful
approximations [4, 5, 18], but some classes of materials,
such as strongly correlated transition metal oxides [19–
21], are not well described by these methods [22, 23].
Moreover, in general calculations are still cumbersome.
Other methods, such as Quantum Monte Carlo (QMC),
do not have the same limitations as perturbation the-
ory, but their application to real materials is to date still
limited [24].

The deep problem lies in the fact that the effects of
the Coulomb interaction and of the specific material are
interlaced and cannot be perfectly separated. This pre-
vents one from calculating the interaction contributions
once and forever. Indeed, in some model systems the
Coulomb interaction can be treated exactly, or at least to
a much better extent than in real systems. It would there-
fore be extremely desirable to use knowledge concerning
interaction effects from these systems in the framework
of other, more complex materials. If interaction and ma-
terials effects could be perfectly separated, this would be
a trivial task. Although this is not the case, attempts to
use model results in order to simulate interaction effects
in real materials are widespread. The most prominent ex-
ample is the local density approximation (LDA) to DFT
[11], where the Kohn-Sham exchange-correlation poten-

tial at a point r is taken from the homogeneous electron
gas, calculated at the density of the real system at r.
In this way, DFT profits from the existence of tabulated
and interpolated QMC results [25]. Similarly, dynamical
mean field theory (DMFT) in the single site approxima-
tion [26–29] takes the effective local self-energy from the
Anderson impurity model [30, 31]. However, these are
approximations, and it is very difficult to go beyond in
a systematic (in the case of LDA) or affordable (in the
case of the single-site DMFT) way.

The big obstacle on this route is the fact that these
approaches are thought of from the very beginning as
approximations[32]. Breakthrough is instead often based
on an exactification: a very good recent example is the
move from the Born-Oppenheimer approximation to the
exact factorization of the many-body wavefunction [33–
35]. The Born-Oppenheimer approximation can be de-
rived from this starting point, but the ansatz allows one
to go well beyond and include for example surface hop-
ping in a natural way. This poses the question: can we
exactify the idea of taking interaction contributions from
models and if yes, under which conditions? Moreover, if
this can be done, can we design a strategy for systematic
approximations?

Our work gives a positive answer to these questions
[36–38]. We set the general framework for such an ap-
proach, which we call “connector theory”. We show that
it leads to a functionals theory. We discuss the necessary
conditions for such an approach to be applicable. We ex-
plain and illustrate why it constitutes a better starting
point for approximations than an approach that would
directly focus on the quantities of interest. Finally, we
give ideas for powerful approximations.

Formally, the kind of problems which this work is
aimed at is the following: suppose one wishes to calculate
a quantity Q(x, [F ]) which is evaluated for a set of argu-
ments x (such as points in space, frequency, temperature
etc.), and which is a functional of the function F (y) of
arguments y. The function F is characteristic for the sys-
tem; it could be for example its external potential, or its
density. Our approach is in principle completely general
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FIG. 1. Connector strategy.

and the following considerations hold for any observable
or other quantity Q, such as an auxiliary potential. This
quantity Q can be difficult to calculate in a real system,
but we suppose that it is accessible in the case of a model.
In this model, it is given by Q̃(x̃, [F̃ ]): since the model
is by definition simpler than the real system, Q̃ will in
general depend on a reduced set of arguments x̃ that is
often (but not necessarily) a subset of x. The function
F̃ (ỹ) describes the model system.

A particularly important case will be a situation where
the descriptors F (y) = F̃ (y) stand for the same physi-
cal quantity, but where the simplicity of the model is
reflected in the fact that it admits only certain functions
F (y). For example, F (y) could be the density n(r) of an
arbitrary system, whereas the model system could be re-
stricted to be periodic. This means that the functionals
Q and Q̃ are the same, but the domain of Q in the model
is restricted to a subset of possible functions F . In order
to arrive at a useful expression, we will transform the
restriction of the domain into a new functional: for the
model, Q([F ])F restricted → Q̃([F̃ ])allF̃ . In the above ex-
ample, where F (y) is the density n(r), the new function
F̃ (ỹ) would stand for Fourier components n̂(G) where
the arguments G are reciprocal lattice vectors. As a
consequence, the new functional Q̃([F̃ ]) is not the same
as the functional Q([F ]). Usually, this will also have as
a consequence that x̃ in Q̃(x̃, [F̃ ]) is a subset of x in
Q(x, [F ]). With this, we do not have to distinguish this
case from the more general formalism where F and F̃ can
be intrinsically different.

Our aim is now to establish a connection between the
model results and the values of Q in the real system.
The in principle advantage of such an approach is imme-
diately apparent: once the series of tables Q̃ are created
and stored, knowing the connector it is sufficient to use
the correct entries in order to replace the calculation of
Q in any real system. To do so, we will take a route that
is promising for three criteria as we will discuss in the fol-
lowing: exact constraints can be defined quite straight-
forwardly, approximations are suggested by the structure
of the equations, and the approach allows an interpreta-
tion of results in terms of physically meaningful building
blocks.

FIG. 2. LDA and MDA within the connector point of view.

Let us start by interpreting Q̃ as a series of values or
functions that are entries in a table. The elements of
this table are characterized by one or more parameters:
without loss of generality, Q̃x̃2(x̃1) indicates an entry Q̃x̃2

at position x̃1 in the table, where (x̃, [F̃ ]) ≡ (x̃1, x̃2)
covers the whole set of arguments of Q̃.

The connector is defined as the prescription of how
to chose the position x̃c

1 in the table, such that one can
replace Q of the real system by Q̃ of the model system:

Q(x, [F ]) = Q̃x̃2(x̃c
1). (1)

In general, for this to be possible x̃c
1 is a functional of Q

and a function or functional of x̃2. In the following, we
suppose that we are interested in one given quantity Q,
which means, we fix the functional Q(x, [F ]). Then x̃1 is
a function(al) of all arguments of Q and the x̃2,

x̃c
1 = x̃c

1(x, [F ], x̃2); (2)

it is of course understood that this function(al) is differ-
ent if we are interested in another quantity Q. Formally,

x̃c
1(x, [F ], x̃2) = Q̃−1

x̃2
(Q(x, [F ]), (3)

where Q̃−1
x̃2

is the inverse function of Q̃x̃2(z̃) such that

Q̃−1
x̃2

(q̃) = z̃ when Q̃x̃2(z̃) = q̃. Eq. 2 exhibits the fact
that if Q is functional of F , also the connector x̃c

1 is
functional of F .

Finally, Eq. 1 becomes

Q(x, [F ]) = Q̃x̃2(x̃c
1(x, [F ], x̃2)) : (4)

using the table Q̃ via the connector is a way to construct
the functional Q[F ], see fig. 1.

Let us now re-interpret the Local Density Approxima-
tion to DFT [11] in this context. The way one would
look at the LDA in general is as an approximation to
Eq. 1, where Q ≡ εxc is the exchange-correlation energy
density, x ≡ r are space coordinates, F ≡ n is the (in
general non-homogeneous) density, F̃ ≡ nh is the den-
sity of the homogeneous electron gas, which is here a
number instead of a function, and Q̃([F ]) ≡ εHEGxc (nh)
is its exchange-correlation energy density, see fig. 2. No
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coordinates x̃ are present in this example, so naturally
we chose x̃1 ≡ nh, and there is no x̃2. The LDA ap-
proximates Eq. 1 by εxc(r, [n]) ≈ εHEGxc (nh = n(r)). In
our scheme, instead, the step where the approximation is
made is in the connector,

nch = nch(r, [n]) ≈ n(r). (5)

This means that now the LDA appears as an approxima-
tion to Eq. 3, not to Eq. 1. As we will see, this is crucial
to build approximations.

There exist already attempts to go beyond the LDA
that are in the spirit of the present “connector” frame-
work. For example, in the average density approxima-
tion [36, 39] εxc(nch) is taken from the HEG, but at a

density nch ≈ n
c,ADA
h that is different from the local den-

sity, determined by the requirement that the expansion
to second order in the density variations of the exchange-
correlation energy should be correctly reproduced. In the
weighted density approximation [40, 41], nc,WDA

h at each
r is set in the pair correlation function of the HEG and
constrained by a sum rule. Physical arguments [42, 43]
indeed give ideas of how to include non-local contribu-
tions, and some of these attempts were quite successful
in curing shortcomings of the LDA. However, none of
these functionals was broadly adopted. In part this can
be explained by some detected shortcomings; for exam-
ple they yield an essential error for the surface energy
of metals. Nevertheless, these functionals also showed
very promising aspects, i.e. they improve the asymptotic
behavior for large distances from the atom or the metal
surface, further the total energy of atoms is substantially
improved. For silicon it was shown by Hood et al. [44]
that the error in the exchange correlation energy was re-
duced by a factor of 2.5 by ADA compared to LDA. The
fact that those did not lead to a massive research effort
along the same lines may be at least in part be ascribed
to the lack of an exact framework and by consequence,
to the lack of a deeper analysis of the directions to be
taken.

Can the connector approach really be turned into an
exact framework? At its heart lies Eq. 1. This equation
immediately poses a condition:

• [A] The functional Q̃ must be such that on its do-
main of definition it takes all values which the func-
tional Q can take on its respective domain of inter-
est.

For the proper use of a functional it is mandatory to
define its domain. Concerning Q, the domain is set by
the range of physical systems one is interested in; this
range is a choice and does not necessarily have to include
all possible physical systems. The domain of Q̃, on the
other hand, defines the model system. If Eq. 1 cannot
be fulfilled for certain allowed values of (x, [F ]), this tells
us that we have to change model. In some cases, this will

be equivalent to simply extending the domain of Q̃. Let
us again take DFT as example, and for simplicity focus
on the exchange only. For the HEG we have εHEGx (nh) =

− 3
4

(
3
π

)1/3
n

1/3
h [16]. Since we are able to calculate this

function for all values of nh from zero to infinity, we can
cover all values of the exchange potential from −∞ to
zero. The function εHEGx is monotonous, so its inverse
is unique. However, imagine that in a given space point
r of the real system εx(r, [n]) becomes positive. This is
not possible for the bare Coulomb interaction, but one
may think for example of an embedded subsystem with
an effective Coulomb interaction that can change sign. In
that case Eq. 1 cannot be fulfilled in the standard domain
describing the HEG, namely, all homogeneous, real and
positive densities. Indeed, solving Eq. 3 yields a negative
nch = (εHEGx )−1(εx(r, [n]). The problem can be solved by

extending the domain of Q̃ to negative densities. This is
a new model. It does no longer reflect the hamiltonian of
the homogeneous electron gas, but this does not preclude
it from being a reasonable extension.[45]

Condition [A] is the only necessary condition for Eq.
1 to be possible. However, this does not exclude the
possibility of having more than one entry in the table that
would offer the same value of Q̃. In other words, there
is the possibility of a non-unique xc

1. This affects Eq.s
2 and 3: xc

1 would no longer be a unique functional, so
Eq. 2 has to be modified in order to specify which of the
possible functionals is chosen. Similarly, the inverse Q̃−1

in Eq. 3 would not be well defined, unless one adds extra
boundary conditions. This is not a problem of principle,
but it may create serious trouble in practice, because
Eq. 3 is the starting point for a systematic design of
approximations. We therefore require:

• [B] A unique inverse Q̃−1 of Q̃ must exist over the
domain spanned by all desired values of Q, or it
must at least be possible to specify a unique choice
within several possible functions Q̃−1

i .

Although these considerations settle the framework,
nothing has been gained yet: to determine the exact
connector requires the calculation of Q, which enters
x̃1 = Q̃−1(Q) as an argument. This is per se not shock-
ing. In a way, all theoretical approaches to condensed
matter theory are merely a rewriting of the many-body
Schrödinger equation (or equivalent expressions), which
means that they retain its full complexity, until the point
where approximations are made [4]. The power of an
approach is measured by the question whether that par-
ticular way to rewrite the equations constitutes a good
starting point for approximations.

The answer lies in Eq. 3: in order to obtain the connec-
tor, the fundamental idea is to make the same approxima-
tion to Q and Q̃. Of course we suppose to know Q̃ quite
well, so one might have a tendency to calculate it as well
as possible. However, by choosing an approximation that
is also applicable to Q, we will benefit from strong error
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canceling. The closer the model system resembles the
real system, the closer are Q̃ and Q and by consequence,
the more we move towards perfect error canceling. How
far the model system can be chosen from the real sys-
tem depends on the quality of the approximation, and
vice versa, how rough the approximation is that one can
tolerate depends on the closeness of the model and the
real system. Overall, this double dependence strongly
contributes to the power of the connector strategy.

For simple illustration, let us suppose that we want
to simplify the calculation of the Hartree potential
vH(r, [n]) of finite systems using the connector ap-
proach. As model system we chose a sphere of HEG
of given radius R, characterized by the homogeneous
density nh inside the sphere, and with Hartree poten-
tial vH,sphereR (r, nh). The procedure will be to calculate
and store the result for a series of homogeneous spheres
of different densities nh, and to use this table in order
to simulate the result of a real molecule using a suitable
connector. In this example, Eq. 1 reads

vH(r, [n]) =

∫
dr′

n(r′)

|r− r′|
= nh

∫
R

dr′
1

|r− r′|
. (6)

This yields

nch(r, [n], R) =

∫
dr′

n(r′)

|r− r′|
/

∫
R

dr′
1

|r− r′|
. (7)

The result is a positive and real number, so there is no
problem of domain here. Knowing this exact connector,
one could take the Hartree potential from the table of
model results, and realize Eq. 4

vH(r, [n]) = vH,sphereR (nc(r, [n], R)). (8)

However, to obtain this exact result supposes that one
has beforehand evaluated Eq. 7 for the exact connector,
which requires the calculation of the full Hartree poten-
tial of the real system. In order to benefit from the con-
nector strategy, we now make the same approximation
on the left and right hand sides of Eq. 6. A very rough
approximation is 1

|r−r′| ≈ c. This leads to

nch(r, [n], R) = n̄ and vH(r) ≈ n̄
∫
R

dr′
1

|r− r′|
, (9)

where n̄ is the average density in the sphere. In order to
see whether anything is gained, one has to compare this
connector result with the result that one would have ob-
tained with a similar effort, by making the same approxi-
mations directly on the Hartee potential of the molecule.
In that case one obtains

vH(r) ≈ cN, (10)

where N is the number of electrons in the sphere. This il-
lustrates two points.: first, the connector results are more

stable with respect to details of the approximation (here,
independent of c). Second, whereas the direct approx-
imation screws up the result completely, the connector
result is still correct in certain regimes. In particular,
in the present example it recovers the correct long range
limit far from the molecule.

A second illustration is the calculation of the Kohn-
Sham exchange-correlation (xc) potential using the HEG
as model system. As approximation we chose a first-
order expansion in the density around its mean value n̄,
where the variation in the model system is limited to
homogeneous densities, whereas it is arbitrary in the real
system. By requiring the two first-order expressions to
be equal, the density connector reads:

nch(r, [n]) = n̄+
1

fhxc(n̄)

∫
dq

(2π)3
eiqrδn(q)fxc(q; n̄),

(11)
where fxc(q) is the momentum Fourier transform of the
static xc kernel fxc(|r−r′|, n̄) ≡ δvxc(r, [n])/δn(r′)|n=n̄ of
the HEG, which has been parametrized [46] on the basis
of quantum Monte Carlo data [47] and fhxc = dvhxc/dn is
its LDA counterpart. Note that the dependence of nch
on r indicates that a different HEG has to be used at
each point r; it does not mean that the density nh is
inhomogeneous.

Fig. ?? shows the results for a density n(r) =
A cos(ar) + B that is periodic in real space. The two
upper panels give the connector nch for two different os-
cillation frequencies a, whereas the lower panels show the
corresponding xc potentials. The upper panels show that
the connector takes into account a significant amount of
non-locality, as compared to the LDA where nch = n(r),
when the density oscillates more rapidly than For slowly
varying densities the connector (11) tends to the LDA,
which is exact in this limit. In the limit of densities that
oscillate very fast, it tends to the mean-density approxi-
mation: nch(r, [n]) → n̄, as one would expect, and which
is instead completely missed by the LDA. The connector
interpolates between these two opposite limits.

In an expansion, the choice of the zeroth order is,
within a reasonable range, arbitrary. Instead of the
mean density, one could for example expand around
n̄1 = min[n(r)] or n̄2 = max[n(r)]. The lower panels
of Fig. ?? show a comparison the resulting xc potentials.
Because of error canceling in the connector, the results
are extremely stable. The results of the direct first-order
expansion of vxc, instead, depend strongly on the choice
of the zeroth order starting point. This illustrates again
that it is more promising to invest an effort into approx-
imating the connector than into a similar approximation
of the quantity of interest.

In conclusion, starting from a widely used strategy to
approximate density functionals by extrapolating from
the homogeneous electron gas, we propose an in principle
exact and very general approach. Its aim is to calculate
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FIG. 3. Comparison between connector results and other ap-
proximations, for a model system of periodic density. Upper
panels: comparison of connectors: nc

h in the LDA versus nc
h

obtained from a first order expansion. Lower panels: com-
parison between xc potentials obtained from the first order
connector and from the direct first-order expansion of vxc, for
different zero-order densities in the expansion (average, min-
imum and maximum densities). Left and right panels, slowly
and rapidly varying density, respectively.

only once some building blocks of observables that are
subject to interaction effects, in a model system and us-
ing an advanced method. The results are tabulated and
can be used to determine these observables in real sys-
tems, via a procedure termed connector. The connector
will be in general different for every target quantity. Gen-
eral ideas for possible approximations are given, which
represent the connector in terms of simple mathemati-
cal functions for the sake of efficient calculations. The
approach is not limited to density functional theory nor
to the choice of the homogeneous electron gas as model
system. For example, it could well be that functionals of
the external potential are a good way to calculate certain
Green’s functions, or one might decide to chose silicon as
model system for a wide range of semiconductors in the
perspective of high-throughput calculations for materials
design. The present work sets the framework, elucidates
the fundamentals and suggests directions for practical
application, with a potentially huge impact on computa-
tional materials design.
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